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i 1. ULbUr3di

hpuijws eninhxulpulh  euhghwibph  wbumppall  Awunudbwijul  dtirluply,
Gnphun whnwlwd hwdwjuwnwi;- GrlduG, 2006p. 140 tg

AunuiGuilut dadwnlp hwlwuponuegawings £ Snphup wbuwlwi hudw)uwpuwt
dwpbdwwhijw L hGpnpiwwhyw wkiphnbh Gnp dpwgpbnhi W Guhuwnbuws b hwdus) -
nwih &ppran Yoepuh nuwlngGephl ppwlwG tnrtinfuwlesh $nuiyghwbbph ntiunpust
nuwunlpwgh aLunudfwuhpdwl hwtwn:

MuunuiGwlwb dErtwnlntd wpyws & hEnhGwyp Ynndhg bwnnuigiud nueuwhsnunig-
jnulbbph nne wtpuing, npp pngnpynud a2 ws muupbpwgh wrwpluwyoedul spuqnnyg Dw-
fowentuywéd wiipnng nbumpnilp b wwnedbwynud tobs syny fulnhpobip nu Jupdnipynil-
ftip, npnGpe YOwwuwnsi pupwnpdwd nkungwl jnpwgdwip:

QbnGwpyp Yurkih b oawwgrpét) Gwl hudwuwpuibh dwpbiuinhlu dwubwghuse-
gyl nuwdrnibph YnupewghG b aduwpuwlwt wbuuknwbplbin hwuddGupuwinta hwduwp:

Qpuwitunu’ U. U fuwistomnpywl

tudpwaghp”  L.NLGpupupui

I SLNk
NPT NNMESNRLLEES PURAUNRR3NMLLEGNE LGS

§ 1. fLRUNHR3NFLLENE SEUNHEA3UL SUrPEre

bpuljwh thndhinfuwliwbp nlGyghwibiph wbunpywl hhdpp hw-
nhuwlncd b pwadnieniGGhiph eibunipynelp, npnlg dbnwpebpiw wowght
LnLpe whuuanwGplbpp uljutighd |nyu nbubtp S.4wlwnph Yogshg 19-pn
nuiph dbpgbphG L hpkOg powel quinqugnedl nibGhigwt 20-nn nuwpnod
nunbuyny swpbdwwnhwih Ywplnp punyugnighs dwup: Pwgdnipjwb
qunwithwnp hwiinhuw@md b dwpbtwunhlwih bhiGwhwd hwuluwgne-
pinLGhiinhg dbbp L Spqminnplilb gh uwhiwlydnud, npp Gwpnn Bop GEplw-
Juglby npwbu Genbph (bpwbwb b Yndwbdu pdtiph) Yuwd Gudwjwlub
thwipptiph hwdwludpnpnc®, npnip dhwdnpduwé GG pGs-np hwinlywGhy-
Ghpnd: Opplwl, Ywpnn GOp qhnwplyb) pOwiwl pdbph pwadnugniGp
pUuihl nuqnh Yhwnbph pwgdnuggnlp, hpuub Ywd rwghnliwg gnpéw-
Lhglbpny pnpnp pugqubnwdGbnh pwaimpnilp b wypb:

tunubiny pwqdnipymbGbph duiehl, pnnulind BGp, np nhuwnlywd
wnuwnpbppy Ywd wuwnbwinud 56 npwé puqdnuppulip, npubue puqon-
pywf inwpp, Yuwd 50 wwnlwbeud mipdwé puginuppulp:

bpt A-G nplt pwgdnipymG £, hul x-p nplt wvwpp, wuju wih
thwunp, np x-p A puquinipiub mwnp £, gpuntd £ hGwnlywg imbupny.

xeA:
tpk x-p sh dinbnwd A-h 069, wujw qpdnud t x g A Lwid Error! Not a valid
link.:
Ophtiwl, bpb R-p pninp rwghnliug pdbiph puqdnup)nill b, www
34cR, V2¢R:

happ” 4 pwqgdnip)nilp Gppbp sh hwinhowbnd hp wwppp A €4

Pwlwdlkbph wwpgmpjwl L plGnhwGpmpput hadwp hwpdwn t
dwnglby «nwwnwply puqintpnil» qunuignupp’ €, npp plnhwihpuwwbu
nwppbp s wwnlwin: Ophlwy x*+2=0 (a>0) hujwuwnpdwG
hpwhw wrtwnGtph pagiripnibp nunwpl b :



Qi pugdnegywl zwppocd Yuwnnn Blg gnpéGulwOnid ztdb
tnul  «wnwipphphs  pwgdnepndibbpp  hbin,  pwqdagpmbGhn,  npnbp
uppmwlined GG dhuwyG O6L wawpp: Opplwy x—1=0 hwywowpdwb
wpiunnibph puqinueinilp Yuwgddwé £ dhw)b G&Y nwpphg’ 1: 3wpl &
lipby, np dbl wwppnd pwgdnepnebp sybnp E OnglwgObp hp dhwd
tnwpph htiwn:

tpt A pwqinipjwl wnwppbph pugingejwip wpnn BGp Jepwgnb
plnhwGnup x dhdnupjnulin, wyl Yuwnnn Gp gpbp A={x}:

bpli 4 pwqinipjw wwppbiphb Gwpnn GOp Yepwgptk npnawyh ww-
nbpmy, uiyw wjt Gwpnn G0p OGphwjwglty) dlaudnn haljuwgdtnh dbe’

A={a,b,c.d}:
VwhdwGnid: hgnip A-G L B-G pwadnpmbbbp G bpt A pwgint-
pwl Guwidwywiwl wwpp hwinhuwGnd b Gwl B pugqinejwh inwppp,
www Juukbp, np A-0 hwinhuwinwd £ B-h Swup, Gwd Gpw GOpwpig-
tnpymbip Lgpunid t A B i ADB:

hgnip, ophlwly, N-p pnpnp plwlwl, hulj R-p° prpnn rwghnlw
pubkpp pwqdnipym G0 t, wyn nbwypnuy N R:

Mwpg £, ap Guadwywlwl pwgdniginii hp GipwpwqdngpjmGh E
AcA:

Ywwwpl pwgdnpnip Yuwdwpwlwl puwgdmpub  GGpwpwgdnt-
il I A Npgbiugh wyn wiinnudp nueGw |hndhG wwpg, www uwh-
dwlnudp Yuwnnn Gip GEplywywgOb) hbnbywy nkupny. B-hi swwwnljwbnn
Juadipuwl wwpp sh wuwnwbned Gwb A -hG:

Uwhdwlned: Yhgnp A-0 L B-0 bpyne pugdnupsnGlp 60: bt ACB L
BcA, www ywublGp np 4 L B puqimpyniblbpp hwywuwp 66 L
LantiGp A=A

OphtwYy, btpk 4={3,4}, puly B-0 x*—7x+12=0 hwilwuwpiws

wpdwwnlbnG 66, www A=8:
VurhdwGned: Whgnp A-0 L B-G bpyn pwadnipyriblbp 5G: S pwgine-
pymlp, npp Ywqidwé t 4 L B puwqinpyniGlbph papnp wiwppbphg L sh
wwpnbwnud ng oh wy vwpep, Ynsgnd t 4 L B pwqdnipnllfbph
gnitwp Lgpynu k S=4+ B hwd S=4 U B:

Lnul dlind uwhdwbymd t 44, 4,5, ..., A,, 2 wppbiph gnudwpp 41,
Az oy An, ... wuppbiph hwonpwlwbnunuillph qnidwpp L pGnhw-
nuwuwbiv Ay pwadnpnullbph puwqincppwl gnuiwpp, npintin £-G hpuphg
willwiu Yuwpnn £ pGonilb, wwpptp wpdbpGbp.

S=A+Art.+4,, S=3 4, .
=1

S=4 04,004, S=U 4, ,
k=1
S=A4, 04,0 A UL s SziA .

k=1

S=X.4; s S 4,
¢

OphOwl® tpb S-p hwinbuwGnud t pninp gpulwG pdbph pegint-
pinulip, wuyw S:i (k1%
k=1

bpb 4 <4, www wwpg £, np A+B=B, dwubwynp nbupnd'
A+A=A:

VwhtfwGned: hgmp A-0 L B-6 bpyn. pwqinpnitbp &6 P
pwquntp)nibp, nph wwppbpp Qugddwé b6 w)b L Shuyl w)l mwppbphg,
npnip plnhwlnip 56 A L B pwqdnienuGGliph hwdwp, Ynsymd kA4 L B
pwgincpnilibph hwwnned b Gwlwipgnd t P=A4AB i P=A4 NB:

OnhGwl, bpt 4={1, 2, 3, 4, 5, 6, 7, 8}, A={5, 6, 8, 10, 11, 12}
www AB={5, 6, 8}: Jwdwlidwa dkny vwhowbyms t A5, Ay, ..., A, 7
pwqinpmbGEph, 41, 45, .., 4,4, .. hwonpgwlwinegpul L pGnhwGp-
whbu Ay pwqinpywl hwnndg, npntn & hpwphg wilwhy pGrncinud t
Ywdwjulpwl windbplibp:

P=A.dy. A, P=]] A4,
k=1

P=Andom..nd, P=()A

k=1

P=Amdom.ndam.., P=( 4.,
=1



P=TT4, Y P=N4,
¢ £
o 11
Ophliwd E[~;}c~]={0} oGl wwpph  pwqdneemG b huy

hd 1
H(U, ;J=@ -p’ nuunwny pwgdnepnul:
e

Gpti AcB, wyw wwpg £, np 48=4 L dwulwdnp nbwpnd’
AA=A: Ujb hwGquowbpp, np A W B pwqlnepyniGGhing ponhwGnp
Ytankp snGEG Ygpuup AB= D Wwi A NB=C

WG thwuwnp, np x vwppp wuenlwlnd b 4 pwgdnipyncip’ Ygpydp
xed L wG thwunp, np Gpb x wuwwnhwomd t A4 pwqdnigpwip,
wjmnbnhg Yhtwbh, np w6 wwinwbow t Gwh 8 pwqintpyncep’ Ygpuh -

xed o xec4d:

Bhnpkd 1.1: Shgmp A-0 npbt pwgdmpnih t L {E}-0° puwqingg)nil-
Gtinh puqdnipni: Ujn nbiwpnud” 43 E, =3 AE, :
4 &

Uwpuigniyg: Lywlwlhblp §=AY E, T=ZAE¢:
¢ M4
Thgmp x € §: M GuGwlynid b, npxed Lnp xe2 E. , npinbnhg
g

ybtinbh, np xekE, : Puyg win ntupntd xe4E,; L htwbwpwn xe 7t

Yuwpund ST
THhgnip widd x€ Tt Yw Ylawlwyh, np x€4E,,, Ywd np dhblnyGo t

x€Ad b er-fo' npwbinhg b Yhbanbh, npxe 4 L x€X E, , np GhLGny6G
g

t pb x€ 5 L htwnbwpwp, TS, npl k| Yuwwgnegh S=T hwdwuwpnc-
piniln:
Uupwgnigyuid plinpbdhg, dwulwdnpuybu bYpfuh, np
A(B+CYy=AB+AC:

Vwhdwlnd: Yhgnp A-6 L B-0 Gpym pwgdngniaotip 86: C puqunc-
pintlp, nphl wwwnlwinud G0 4 puqinpjwl wil L dhuyl w)d mwn-
nbpp, annGp sk0 wwwnwoned B-haG, Gngynd t A L B pwqinipnililibph
tnwppblipnupincl L gpymud £

C=A-B ywi C=4\8:
Ophluwily, tpt 4A={1,2,3,4,56}, B={4,5,6} www 418={1,2,3}:
Bbnpkd 1.2: tph A,B,C hptip puqinupniOGtp 4G, wwyw

A(B-C)=AB~AC:

Uupugnyyg: Yhgnp xeA( B—C }—oxed U xe( B—~C), npnbinhg Yhb-
wnlh, np xed, xeB U xgC—xed, xcB L xcd, x¢C—>xcAB L
x¢ AC—>xcAB~AC, npntinhg ty Yhtunlh, np 4(B-C )c AB-AC:
Uydtd Ghpwnpbilp xe AB-AC—>xcAd, xcB LxeAd, xgC>xed k
xeB, x¢Coxed L xe(BIC)-»xeA(B-C), npnbrhg I
AB-ACcA(B-C) Lpbnptish wuwwgngp:
Blnpbd 1.3: A(A-B)+B=4 (1.1) wpnwhwjnnipnlGp Shan b wyl L
Ghwjl w)l nbwpencd, bpp BcA:
Uwpwgniyg: Ghpumnblp (1.1)-p Shain b 2wGh np gnuiwpbhl Ghan
hwinhuwbndt gnudwnh Swup, www BcA: Ujdd bhpwnpbp np BcA:
Un nbwpnd wwpg bt np, (A-B)+BcA: Puyg dmu Unnihg
(A=B}+BoA-G whnh nulh wpwbg nplt swhiwbwhwlydwd, npnbinhg
ki Yntitalh (1.1)-p:

AGnwgquntd  hwdwiu  hwpy ¢t (hGrd  ghownplb nwppbp
pwqidntpynclilip, npnGe pinpp hwGnhuwGnid 66 nplt S hpdGwluwG
puwginipjwl GOpwpwqinipniliGbp, ophluwl, ptughl nnh0 wunnlw-
O gwllwgweé pwqdnipynillbp: Wn nbwypma Si4 vnwppbpapmip
Ynglnid £ 4 puquinip)w6 |pwgnil b GywGwignwd £ CA Ywid A’ nkiupny:

PwqonipiniGGbph  wnbunppwl dhg L Gpw  YhpwrenipyniGhEpncd
bwplnp  pbpwiwwwpnipynd nGh  GplwlhnipwG  uyqpnlpg, npp
wipumwuhwundned b hbnbgwg bpyne weGsnipntGibpnd.

1. Snudwph (pugnuip rudwuwp t ppugnudGiph wpmwnpuhl’
SUA=N(S\4,): (1:2)
@ o

2. Upwnwnpju h jpugnuip hugwown b ppugnuiGiph gauiwph@
SINA,=U(S\4, ): (1.3)

(1.2)-p ampsgny g, Yhgnip



v S A, —>xel )4, oxed, >xeSI4, »xe\( 514, Jnpinbahg

yhtimlh, np
SWUA,(SIA, ): ()

Ujdi Ghpunpkap
xeN(S'A, Jo>xeS\d, >xed —xe J4,—»xeS L xeSU A4,

npnbinhg ty hinbnud £, np
NS4, JeSIUA, (*)

(*) L (**) wrhsnpynLaGaphg Yhtnbh (1.2)-h wwwgnygp:
{(1.3)-p unyeawrgnygp. ipunplp
xeS\\ A, —»xeN 4, ~>xe A, —>xeS
& o

b xgAd, —>xeS14, —>xe(1( S14, ), npinbnhg Uhbwnbh, ap
SN 4,cJ(S\4,) (***)

)dd Glipwnptlp
xel J( S\4, JorxeS\d, —»xe A, —>xg A, >xeS

L xg) 4, x5\ 4, . npinbinhg YnGtiGwlp
U(S\Aa )CSkn Aa (n*a)

(***) L (****)-hg plund £ (1.3}-h wwwgnygp:

Jwswhy hwpl b hGnd weGadb wiuwbu Yngwé wuhidbinphl»
wuinpbipnipnuGbph htin, npp uwhdwGynud £, apwbu (41B) L (Bid)
tnwpetpnipnuGltnh gnedwp b GawGwydno t

AA4B=(A\BYU(4\B) (B\1):

3Gpnnipswide Jupbih tognyg oy, np AAB=(AUB){ANB)

(B4):

§ 2. ontuUhUrdte IUVUMUSUULLRFR3NFL

Thgnip A-G L B-G biplne dbpowynp puqinpiniGGbp BG: NDpuwbug)
hwioblwinkbp wyn pwqinpLbbtpp, whhpwdbn b hwpghy Jnupw-
pubgnip pwqinput wwppbph pwliwyp: Ypwd fulnhpp Yunbih
tnighy Gl wy dbpanGbpnd: Nhgnup, ophlwy, A={a,b,c,d,e},
B={a,f,y,d,¢}: bpb nuuwnptilp wyn pwqdinpynllbph nwppbpp
hGunlywi wyniuwyh nbupny.

Ala | &1 c | d
B:la !l B |y i é

www wewlg nplt hwadwplh Ywpnn BGp hwitidwnb, 4 L B
pwqdnig)nLGlbpp vnwpptph pwbiwlyp:

Snwé dtpnnh tnepymbp Ywjwlnld & Gpwlnd, np Gh pugqinug)ul
jepepwbisinep wwnpp hwdwwwinwuhowind E gnwh by G dhuwgb dbYy
wwppe L hwhwnwlp: U ghinwpldwéd  depanh wnwdbinoe)mdp
Yujwbnd b Gpwlnud, np wyl Yuwnnn BGp Ghpwrebp Gwbh w)G nbupntd,
bpp pwquincpnilGhpp wldbpy bG: OphOwdy, btpt N-p poon plGwlwb
pubtiph pwgdnupntlG t, huly M 1/4 inbiuph pubtiph puiqinipnilp, waw
nhinwpyduwé  depnnp wbdhpwwbu gnyg £t owwpy, opn M L N
pwqdnpnGlbnh tnwpptph pwGwlp hwywoewnp GO

Ml1j12|1u3 (14| .. |1n
N1 2 314 1..|n

Vwhdwbned: Yhgmp A-G L B-G tphyme Jpowdnp pugdnugymGobip BG:
¢ Opblpp, npp A puqinpwG nupwpwlgmp @ nwnph hwdwww-
nwuluwbbglnud t 5 pwqintpjw gty L Shuyl &6y & wwnph, pln npocd
mpwpwlynip b € B wwnpp dbY L dhwyl dby ae4 wwpp, Yngudmd t
thntudhwpdtp hwdwiywinwufuwbnipiml 4 L B pwqdinipnubttinh dhol:
Uwhdwanid: Gph A L B pwqinupymuGlliph dhol: Gupbih t unbknéby
thnfjushwpdtp hwdwwwmnwuppwimpint, www Ywublp, rp wn pwg-

9



dnipynilibbpp hwdwpdbp &0, Jwd np Gpwlp nGEO GhLbmyk hgnpne-
pinilp L hopdh A~B:

Muwng t, np Ghldngl hgnpmpjwl hwubwgnupymulp hwOnhuwGnud £
yGpowdnp  pwqine)nlbGhph  wwppph pwlwlyh  hwywuwnnpuG
pGRhwlpwgnidp:

OpfrGwylibp:

1. Ohgnip A L B pwqunpymbGGbipp hwinbuwbnud B0 nunnuGlywh
qniquhtin Ynnibph Yowtiph pwqineggnilp (g6.1): 3k & hwongubiy, np
A~B:

2.%%hgnip A-6 L B-6 hwonhuwnd B0 Gpyne hwdwlGGinpnG 2ppw-
Guigdbph Yhnbph pwqinipinlp (g6.2): Uyuwntin OnyGutiv A~8:

3.9%gnip A-G ninnwbynml biewGlput Geppwigdh Yhwbph pwqine
pintGa t, huy B-G bnwhilywi toh Yhnbph pwalmpnll (g6.3): Mwpg t,
np A~B:

JdbnohG Gplme ophGuwyGtiph dbp A L B pwgdnipyniGObph hwdwp-
dtpnipntGy puUmd t b Ywhudwé b wwpwnnpuw; Gplngph htn, pwlh
np A & B pwginipimbbbpp pun tnipjwl hwinhuwGnd 66 wwnptp
sunptph  hwwdwstoph Ybnbph pwqinepynibfitip: Ophlwy, bpb top
inbnwnntlp GeppGuwdhgh dpw, www B-6 hhwinhuwlw 4 pwqintpjwi
dh dwup, npp hungbu owppspdmd t A-hg: Un dwup YuiwGkGp A
puqinep)wl «hhdGwbwl» dwup (B-0 hwlnhuwing b A-h ninhn dwup,
tpt B <A, puyg B #A): Uuwhuny, ob0p webiltghlp wjtwhuh pwg-
dntpjwl hbwn, npp wwpniOwynd t hpel hwdwpdbp «<hhdGwlwl» dwu:
Mwpg £, np ybppwynp pwqinegnllp sh wwpnebwlynud hpbt hwdwpdbip
hhalwlywl dwu; Wnwheh hwnynipynlny odndwéd b0 dhw)h wiybng
pwqdnipnlbGtpp:

10

Thgrmp, ophGwy, N-p pninp pGwlwi pybph pwqdnepiniGG ¢
N={n}, huy M-p’ pnnn qnuq pdbiph pugqdnpymGp’ M={2r}, npnip
nwuwinnbny htnbywg wbupny.

M:i 11 213|415
N.|2]al|le|8]10

OYwwnud Blp, np Gpwlp hwiwpdbp b6, w)G nbwpmd, tpp M CN,
wuby b pb «qnuyq pubipp wylpwl GG, nppwl  plwywG pubinp»:
bannipjwidp Gwpnn GOp gnyg ww|  hwdwpdbp pwqinipjniGabph
hGunljw) menlynipynGGhpp:
Bhnpad 2.1:w) dhpn A~4:

p) tph A~B, wiuju B~4,

q) bpti A~B, B~C, www A~C:
Phnpbd 2.2: "hgmp Ay, AzAs,... U By, B2, B,,... pwqdnipyniGlbph bp-
Uni hwenpnubwenig)mGGbp G0: bphk A, puqinggnGGbpp hpwn hbun
¢60 hwndnd, huly B, hwenpruibwGnip)nuGGhpd by skG hwnynud hpwp
hbw' A4, 4,=0, B,B,=Z (nzn') L jnipwpwlgnip z-h hwiwp

A~B (n=1,23_), wyw iA"f-«in:
k=1

n=1

§ 3. 3UCJbLk PULUNHASNFLLEGD

Yuthdwlintd: Yhgnup N-p pninp pluwiws pybiph puging)mGG t

n=1{1 23,4, .}:
Swilfugws 4 pwqinpnil, npp hwidwpdbp t N-hG, Ynsynud t hwotih
pwqdnipintl L hwdwnnud bGp, np 4 pwgdnignihp «M»-h a hqnpnt-
pinLG: Nwpg t, np hwpdbith puqineg)ntGGtinp hwiwpdtp 66 dhdpuwlg:

OphGuwl.

A={1,4,9,16, .. n* ..}, B={1,8,27,64, .. n° ..},

C={2,4,86,8,..,2n, ..}, D={1,1/2, 113, 1/4, .., 1n, ... }:
11



Bhnptd 3.1 Nhwbiugh 4 pwgdnipnilp (hlip hwaybih, wihpwdbn t b
pwywepuwip, np hGwpwynp thp wyl chwdwpwuu by, wuhlpl® Genlw-
Jwglib nt hwpnpnwlwhnipjwl wbupny.
A={a1,a2,a3,...,a,,....}:
Pbnphdl wwwgnigbpnt hwowp, pwdwlwb bt 4 L N puqinpncl-
fibpp fbnbuywaglby hbnlyw) whntewlhh wbupny,

N1 1213 14 .. |n
A laslas|aslasl.. | an

Bhnpkd 320 ywowjmlywh 4 waybpe pwglnipnGhg Ywpnn GGp
wivwink; D hwzdbth Gopwpwqdnipyn:

Uwengnyg: hgnep A -G widbpy puqingnil t: 4 -hg wnwGaGwgbblp
gwllwguwd a, wwpp: RwGh np A pwginipyniGp widtipe b, www @4-nd
sh swwndmy A nwppbph pwwbp L dhGp GnyG dlkmd Gwpnn bGp
wnwGdlwglti| @; wwppp A={a4,d2,a3,....4,,...} A—{a.} puqdnLpjnL-
fihg: Unyh nwwnnppudp Ywpnn Gop plinpby @ wwppp A—{aq, a2}
pwainipinbhg: 4 pwainppwl widbiny |hGoGnig, wjn wnpngbup Gwpnn
GOp wiOdbpy wpmbwlbp L wpyntbpnud  wnwlw)  @4,8,...,Ga, -
wrwihdbwgwéd Ytwmbph hwenpnuwbwblnipynd, mpp L hwlnhuwOnud E
thGupynn D puqunipynilp:

PEnpbd 3.3: Jwpdbth pugimpul jmuwppusGynty woybpe Gopwpug-
dnpyml hwzubiph b

Ugpurgnyg: hgnip A -G hwpdbih pwqdnipgnih t, huly B-G Gpw wGdbpg
blpwpwqdmpnlip: A-6 GbphugugthGp hwenpnubpubnpwl nbkupny
@1,dz,....dy,... b plnnptbp A-h nwppbpp hpbiig hwiwnbbph hbppuw-
Ywlnpjwl Junpgml tpbi dwiwlwy wew dwdwbwy hwinhwbkOp B-h
nwppbphl, www w)o hwiwpwlyubip b4,b2,...,b,, ... nbupny hphlg
hwiinhwdwl hwdwpobph htppwlwbneejwip, npnlp Yuopunkl pOuwlwd
putinh pwqdnipmlp:

Fmnbwlp; 5ph 4 hwpbth pwqunipyniihg wewGaGwgbtlp M 1[Gpgw-
unp Gopwpwadngnl, wuw A—M dGwgnpnughl pwqdnepiln LGihGh
husze Gh:

12

Banpbd 3.4: bpwp htin plinhwGn Ltwnbn sniGbgnn Ubnowynp puig-
onpyul L hwztib puqinupput gniduipp hwuGih t:

Uywgnyg: hgnp A={aqaza,,..,a,}, B=1{b,,by,b,,..}, npintn
ANB=2: btpb lwlwlyblp A+B=S, wwuw S-0 Ywnnn bOp Ghp-
Yujwglh) hbwnlyw) nbupny.

Sz{a,,,az, s @y by, by by, .}:{q,cz, Cur Cpars Cn+2'---}
a, 1<k<n
npiatin ¢, =4 :
b,_,, k>n

Bhnpbd 3.5 dbppwynp pyny hwab(h pwqdnipnibltiph gnuiwpp
hwizybih k:
Uwywgnyg: hgnp A, A4,, ..., 4 -pp k hun bwzysih pwqincpniG-
Gbp 6O, npuntin
,41={a{u, a£1)’ aé“, } v
A=, af?, o, ..},
A,={a*, aft, o, .. ¥
Un nbwpnd S=A4,+A4,+..+4, Lwpnn Llp Gapluyiuglity htunbyLag
huwgnprwlwbnippwd nbupny’
S={af’,a?,...a" 0" af?...af" 0" af? ..., o},

yoees g o
npwbinhg b Giplinud ¢ Gpw hwaybihnieymuGp: .
Bhapad 3.6: 3wydblh  puny hpwp  bbn shwindnn qt—.anL[np
pwgdnp)niGatnh grudwpp hwpdbih b
Uupugnryg: hgnip Ay (£=1,2,3,..) hpwp htu shwwndrn Jbpouwndnp
pwgdnepnlhobp BG,

1 )
A=a, o, .., a"},
_J 2 r2 1
AT-.{a1 s ay, af,z)},

. (3) _r3) (3
=lef”, ofY, ...},
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A+Az+As+... gmiwph wwbpp hwenprwlwG nbupnd Yupng bGp
nuuundept) Gwh' Aq-h popnp wwppepp,  wiinthtinih A2-h pnpep
thwppbpp L uyRubu 2wpnulwly:
@bapbd 3.7, 3wplbih pdnd hpwp b shwingnn  hwgyblh
puigdnipnlGhbph gnudwpp hwdbp b
Uwpngnirg: Ohgnp A (k=1,2,3,..) puqimpmiGts GG hpwp hbn
k0 hwengned L hwpbh GG

A,:{af“, ay’, a, }

A2={a{2’, a?, ag:), }

A=, a, o, .},

Szz A, qndwnp Ywpnn GGp Ghpluiwglby hwpnpnwlwGneg)wi
k=1

ubiupny gpbny Owiu a{”, wjlinthbunk agv L afzj, nnnbg htinkipulibph
gnLiwpp hwifwuwp t 3-h, wjlnthtinl wyl mwpptpp, npnbg hlinkpubbph
gnudwpp hwyjwuwp t 4-h b wpmubu pwpnGwtyng hGnbpulbbiph wsdwi
hwpgny YuwnwOwOp
S={aiV af”,a ", o, af"..},

npnbirhg b Yunwbwlp gavdwph hwzdbphnupynuGp:

ThunanmpyneG: bph a uplunpny Gywlwlbbp hwzdbh pwadnpiwh
hanpnip mlip, www Gupnn Bip wwwgmgywd pbnptilbpp wpwnwhoy-

ity hGinlywy uhdynihly inbupn.
a—n=da, at+n=a, ata +..+a=na=aqa,

Hi+iaths+...=4a, ata+. . =aa=a:
BEnpkd 3.8: Pninp nwghnliw) pybph R puqdnupinulp hwytgh E:
Ugpngnyg: {p/q} npwlwG wonwdltprd GnnnpulGhph pugiint-
pinLlp ubbinwé g-h atwpnud YihGh /g, 2/g, 3/q.... wbuph hwenpnw-
Ywhnupynill, npp hwadbh £ Pwyg Opw ¢ hugnwpupp Gnylwbu fwpnn &
nOnnilly hwayblph puny wpdbpbbp’ 1,2,3,...; IbGunbeupup R+{pfq}
nnwluwl  Ynunpuytbnh  pwqdnepynip hwadblh & PwGh np R™

nwghnluy pwguuwwb YnonpwlGbph pwqinee)nilp hwdwpdbp £ R .
14

hG, wuw w)G Gnybuybu YihGh hwpdbh o pwbh np R=R +{O}+R ,
wuw wil Gnylwbu YaGh hwadbih, npwbo dGnguilon pdny huwpdtih
puqinipinLGOtiph U Jbppuninp Puqdnpjwb gnudwnp;
Thnbwlp:  Snpwpwlsynip [a.b] huwnweh pwghnGuwy  Ytwnbph
Pwgintpynp huwpybih t:
Bhanbd 3.9: Gpb M wlubpp Pwqunpywin wubijwgGhGp YEnowinn Qud
hwyybh A4 Pwqudnipywl  Gnp  nwppbp, www M pugdnpuG
hannntpynLOp sh tintuyh, wjuphGpl
M+A~M:

Uuprgniyg: M Pwqintpinilihg wnwiaGwglkGp D hwyubiih pugon-
pnl (hwiwéwys 3.2 pbnptidh) L nhgmp M—-D=pP, wjn nbuwpnid
M=P+D, M+A=P+(D+A): :
Quth np P~P, D+A~D (pbinnbd 3.4 U 3.5), www M+A~M-
©Penpkd 3.10: tpt § whyting pwqunipnLlp hwadbih sk, huy A-G Gpuw
ykngwdap Gud hwygbih Gwut b, wuw S—A ~3" Il
Yupugnyg: M = S—A puqinpynitp sh bwnnn thGly Yppwdnn, pwbh
nn, - hwhwewy nhwprd S-p UthGap  Jbpounnp Y hwadbih: U
nbwpnid 3.9 pinntishg Yuunwilbwle M-+A~M, npunbinhg by hbnkad ¢ np
§~8-4;
hwbwbp: GYwdwulwG whdbne pwqinipnll wwpntliwynd t hpbo
hwidwnpdtp «nunpns Guw: '
Vwhidwbnid: quﬁmp]_mﬂn Unsdnuld £ wiGybpg, bLiph w)b wwpae Gualyn i
t hntil hwidumndtp «mnfiny dwu: ' .
Bbophd 3.11: bph 4 puglinug)wi Lmu'npbnu npnzdned t #2 hlnbpu-
Gbpny, npnlghg impwpwlisinupp hpwnphg wilwfu glnnulined b hwpdtih
pUnY wndbpGtp

A={ax1_12r__'_r”} (x=x". %, . k=1, 2 3..n

www A puqinpnGp hwaybyf £

Uywgnyg: Bhnpkip wwwgnighilip. dwpbdwunhfuibwi hlinncyghw;h
dbpnnny: bpb n=1, www pinpbidh wwywgnygn wwpg t: tlpwnntiop
plinn&idp Ghow b Gk r=m-h hwiwp L gnyg vnwip; mn wyh Shaw Y hGh
n = m+1-h hwiup:
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Thgnp A={a P 1} b ﬁzwﬁwubug A0y A-h wih nwppbph
(t)

pwqunipinilp, nph hwdwp x, = x(2 npunbn (7, -G (m+1) hanbpulb-

nhg nplt hliwpwiden wpdbel b, wyuhbpl’ A|.={awz_‘_ux“ﬁ}, npunbinhg

yhbwnkp np A,-G hwpdbth & U pwih np A3 A, www hwpybh Yehap
i=1

0wl A;-G:

Fbwnbiwlplbp:

1. (x,y) hwppnippul Yewbph pwqdnpmlp, npnGg Gpynt Ynnpnh-

GwnGlinh b nwghnGuy GG, hwdbh t:

2.k pGwbwa pdbp wupnilulon (r4,75,...,72;) nbuph YnduybpuGtiph

puwqinigjrilp bwbih b

3. Udpnne aqnpbwlhglbpny aex"+ax" +..+a,.x+a, pwqiwl-
. nwiGbpp pwqunepynilp hwzdbth , npp wwwgneygp widhowwbu plunwd

£3.11 ‘ptinpbidhg, bpt nhwwpitte Ohuyl r ubbndwé wunhdwing

pwqiwbnwitbpp L bhpwaebkGp 3.7 pbnpbop hwadbih pwodnpniGhbph

huwzyt hnpjwl dbpwpebipjuwg:

UurhtfweGned:  Udpnng gnpdwlhglbpny pwquinwdbtinh wndunGbpp

nsyntd GO hwGpwhuduilpu b pybip:

BEnpkd 3.12: Julpwhwzdwlwi pdtiph puqoncpymbp hwadbih t:

Ptnptih wwwgniygp wodhewwbu hbinbnud £ wyl uuunpg, np
npwpwlgmp pugiwGnwd nlh deppwydnp pyny wnduwinbbip, pul bpb
oquythp Guwk 3.6 plinptidhg Yuinwlwbp phinplidh wujwgnygp:

§ 4. UNLShLNIY I2NMNHR3ALL

AwsnusOwupptipny widbny pwqdnipnulibpr, wwpqynud £, np ng
pninp widbpy pwqunipnlGbopnG 40 hwadbih, gamugnilh neGbl Gwb
wlhwyybth pwaldmendbGlip, nph qnjnepnln Quuwwgnigh  hbinbjw)
ophluslp:

PEaptid4.1: U=[0,1] Ytntinh pwqunipnlip whwzybih
16

Uwwgnyg: Ghpunnkip hwhwewlp, U4 hwplbih pwginggnet t: Un
Hiwpnud pwqdnipjwl Yeinbpn Yuipnn Bop ﬁbnuw;wgﬁb[

X1, X2, Xn ... (*)
hwynpnuwlwlnippul  inbupny: Ujr; ntiwpnd gulhwugwsd xel/ hin
YuwuinluGh (*) hwgnpnwlwampjwip: U hundwén 1/3 L 2/3 Yhnbpng
pwdwibip bpkp hwiwuwp dwubph' [0,1/3], [1/3,2/3], [2/3.1]:

Mwpq L, np xy Yhnp sh Quwpnn wueluih bplip hwanwdGbphi
dpwdurdwlwy L htwlwpwp Gpuwaghg gnOb dGkp sh wwpnlGulh x.-n,
npp bipwlwlelp Usnd (bpb x4p sh wwnlwnd bpynt hGnbpywg-
GGph, www LYdbpgGtlGp GnwbGghg nplk dbhp, wubGp dwh Swuntd
quiiynnp):

Uydd tiptp hwiwuwn dwuh pwdwGkGp U hwnfwép b Gawlwykip
/2~ wjG Swup, npp sh wwpnGuwinid x,o:

unyl duny Uz-p pwdwibip bphp hwdwuwn Swutiph L Jkpghblp
wyl duup, npp sh wwpatbwyned X340 L wjn wpngbumd zwprGwytbing,
Yunwlbwlp hpwp dbe Obpnpdwe UDU DU, .00, .. huinws-
Gbph hwonpnuywGnpymd, npntin x, el (1=1,2,3,...}

Bwbh np U, -h tpywpnupymn 1/3% t, npp gniguidheinnud £ 0-h, Gpp
1->+00, www puwn Obipnpdwéd ohpwlwptinh ulqenilph qnpupnlG
nbh £, npp wwinwGmd k papnp U, i

fel (n=1,2,3,.):

Bwlh np $eU, wwyw &-0 wbnp b dwndh (*) hwenpnuiwinipjwb
dbg, npp hiiwpundnp st U, - pGupswb 2Gnphpy

sel,, x,eU (n=1,23,.),

npinbinhg £#x,, npb by Gpwlwynus £ ap 3 £/, npp zh ﬁmﬁnui (")

hugnpwlwilineppul obp: Unwgdwé hwlwungpnt /Bh/ tL hhm m\

pbrptdh wujwgnygp: o

Uwhdwbmd: 6pa A pwqlnipinla hwiwpdtgft: _;t[O 1] hu.tmt{l.uéhfﬂ
A~U, wyw Guutlp, np 4-0 mGh YnGgih it

Lwpd' ¢ hgnpnip)ntG: ’ )

@Bbnpbd 4.2; 3npwpwhgnp [a,b] hunndwdlf

dhpwljwp niGh ¢ hanpnupynit:
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Uupwgnyg: Yanp A=[a,b], U=[0,1]: Un nhwpnd y=a+(b—a)x
PruGhghwl wnbndnd b nfudhwpdtp hudwwywnwuefuwOnepnd
A={y} L U={x} pwqinpnGGtph dhol, npintinhg hbnlnud t, np 4
pwadnipnilip nith YnlupGnd hqnpnoppnih: 2wih np widbng pugdne-
pinilihg dbpowdnn pund wwpptph hGnwgnuip hwigbglnd b Gwfu-
Guwiwh pwgdnmpwlp hwdwndbp pwqdnpwb, www {a.b), [a,b),
{a.b)] pwqinpnGibpp YnGGGwWG GruyG hgnpnueyinlp, hes np 4 pwg-
dnig)nLlp, wyuhlpl’ ¢ hgnpnwg)nul:

BEaptd 4.3 Jbpowdnp puny hpwp hbivy shuangdnn YnbuinpGned ignpnee-
jwdp pwqinupnillbph gnuiwpp nh YnlGinhGnud hgnpmup)nel:
Uupugnyg: Yhgnup

S=SE, . (EE,~D, k#k'),
k=1

npinbin Jnipwpwbynep £y pugdnepynil nilp ¢ hgnpnipynuli: dhpgGhlp
[0,1) dhowluypp b ¢y = 0<ei<er<...<Cpa<Cr=1 Ylinknny pnhbilp
Guiukph

[cra.c), (k=1,2,....n):
Ei L [cks,cx) puganipmlGEph dhel Yuwpnn Glp unbnoti dnfudhwp-
dhip hwiwwwuwuhuwinugnl, npp hp hbppht Juintinéh hnfudhwndtip
hwiwwwinwuhu gyt S qnudunph L

0. 1)=i (e a0)
=t

Shpwlw)ptiph Shel: Npuntinhg bt Uhtinbh pinpkdh uywgnygp:

Bbapkd 4.4 3wtk pdny hpwp htn shunndnn ¢ hgnpnippudp
pwqinipinilibliph gnudwynp nith ¢ hgnpnopynil:

Uypwigneyg: hgnip

S=S'E, . (E.E,~D, kek'),
i1

npntin JncnuwpwGsnup £ pwqonepind nuGp ¢ hgnpnugnit:
[0.1) dhpwlwpnd Ubpglblp co = 0<ci<cy<... UnlGmanG wénn hw-
enpriwlwimpyncGl wylwbu, nn kh'm ¢, =1
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Unbindtiny thinfudhwpdtp hwdwwwnwofuwnipinld Ex b [cg-y,
¢ ) pwqonpymGhaph dpel pninp &-Eph hwdwp, Gunwiwbp hinjudhwp-
dbp hwiwwwinwufuwGnpniG Gub Gpwbg S L [0,1) gnuiwnbbnh dhol,
npubinhg Yhbitnlh, np S-p nuGh ¢ hgepnep)neG:

I hbinbwGp: fapnp hpwiwl putph Z  pwqinipmG mbh ¢
hanpnipyni(:

hpnp, Bpb Z-p GhpljwywghtGp

Z= k=1 k )+ ~k,—k+1))
k=1

nbupny U hwzdh weGkGp, np jnpupwOygmp [£-1,k), [-k.—k+1)
pwainpuli gwlijwgwd &L-h hwiwn mGh ¢ hgnpripatl, www ¢
hanpnuggniG YnuGbGw Gwbl Z-p:

I htiwnlwlp: Poinp hnwghnGwy  pdtinh  pwginigmG nmGh ¢
hgnpnegyntO:

I11 htnbaGp: Gaynipinil neGh nipwGeghbnbGn (ns hwipwhwzw-
Ywe) pybp: bpnp, pwhh np hwGpwhwzdwyw pdtiph pwqinipynuiibpp
hwzdbth &0:

Bhopkd 4.5 Pnpnp pGwywb ptiph

@={(n.na.ns..}}
pwqdmpnudp nuih ¢ hgnpnupjnil:
Uupurgneyg:  UnbnotiGp dinfudhwpdtp  hwdwwywunwuuwinigimG QO
pwatnipsw b (0,1) showlwiph painp prwghnbug pdbph pugdnippud
thok, npp nOf UnGunhGrud  hgqnpoegnal: Lhiwnp ndbblwind, np
x<(0,1) dhowluyph hrwghnGuy phyp nGh hbnbjusy Ghnbuwjwgnuin

n,+

n3+...

www wwng nwelw (74,72,85,...) €< hwonpnwlwlopywi L [0,1)-h
hnwghniiwy, pbiph thnfudhwipdtp hwiwwwwnwuhuwbmpinulp, npuntnhg
tL* ptinpbch wwwgnygp:
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BEnpbd 4.6: tpt A pwqdnippul tnwapkpp npnpgnud B0 7 hlintpu-
Ghpnd, npnbighg pnepwpwbGygnipp hpwphg wilwiu plnnuined b wndtip-
Gkp C hgnprupjusip pwgdnipjwG ypw’

A4

wuww 4 pwgdngynelp nilh ¢ hgnpap)nul:
Uwgpwgnizg: PudwlwG b nhnwplty #=3 nbwpp, pwilh np plnhwOnp
nbwpmd wwwgnigh unwigdh Gnul nwinnnnupjwip:

Nhgntp A={ay .}, npnbin x, ¥, z-p hpwphg wilwhu dnthnfunud
GG ¢ hqnpnipjuwdp X, Y, Z pwqdnipniilbph Jpw: Uwbndtilp thntu-
dhwpdtp hwiwuwnwutuwingenG mpwpwbgnp X, ¥, Z pwqln-
pjwl L pninp bpwsywl putiph hwgnprwbwinupwG Q pwqinupwl thel,
anp hhwpwnpnipntl Yinw wntndt) ginfuihwndtp hwdwwwnwufuw-
GnipymG A-h L Q- dholi:

Shgnip ¥V £ed, wn nbwpnud é"=axo_y0‘20. npubn xe€ X, yoe Y,

zo€Z: X, ¥, Z L O-h thnfudhwpdtp hwiwuwurnwufuwGnipailihg Xo,
Va. Zo, tipnbinhG Yhwiwwwnwutuwbb @-h hGg-np nwppbip®

x> (g, Ay, Ha, ..),

Yo {p1. P2 Pa. ).

zo (41, 92 o )

& wwpphG hwiwwwmuufuwbbglblp (711,p1.91,72.02.92...) €Q
hwenpnwywinpnbp, npb b hpwlwlwgbnud £ 4 L O pwqinp)nl-
Gbph thnfudhwndtp hwdwwuwnwutuwbnepnp:

I hewnbwGp:  Swppnppul  Yhwnbph  pwodnpmh mbh ¢
hgnpnipntQ:

IT hbwnhwGp: brwsth nwpuwdnpiwl Yenbph puginigncGh nulh
¢ hqnpp)nila:

T hhwlwGp: 7 sjudwGh nwpwdnpiwl Yanbph puginipnilt
ntGh ¢ hgnpnipjntQ:

IV hhwuwp: 2nijg we qnuyg hpwp btn shwuwing ¢ hqnpnupyudp
cpwqinpnilittph gnudwpp nuih C hanpnuppndl:

bpnp, YJupnn Llp wnbinédby ynpuihwnpbdp huwdwoejwunwufuwinge-
pinth gnudwntihGhnh pagdnippab L xy hwppnuppul dbie gnlynn x-bph
wnwlgphl gniquhtin nuahnlbnh dhole Bpb wiGnhbul unbnékOp thnfu-
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Gpwpdtip hwiwwwinwuhuwbnepinll Jaupwpwbsnip gnudwpbin L hwd-
wuitnwutuwd nergnh Oholy, www, wuipg t, np yuinbnddh hnfudhwpdtip
hwdwupunwutuwbnpynul gnudwinh b xy hwnpnopjuib shpls:

43, 44 L IV phnlwGpp c-nd Quptlh t updynpy élnyg
wpwhwinb) hfiuyw) nbupny

ct+e+.. Fe=cn=c, cHct.tot=ca=c¢, ¢ c=c
Bhnpbd 4.7: 5pb A pwglnipjwl nwppbpp wpnwhw jingnud GG hwodbgh
ptiny hGnbipuGliph dhgngny
A {ax.| .Y } *

npnlGghg jrcpwpwsiape, hpwphg wllwtu, pOgabned £ ¢ hgqnpnopjwdp
wpdbphbn, wupw 4 pwqinupniip nuGh ¢ hgnpnupynud:
Uwpargnyg: Lawlwlyiop Xi-nd x; plnbpuh pinnubwé wpdbpbbpp:
Uintindlip infudhwpdtp  hwiwwyuwnwuuwGmpimt Xz-h L popnp
pOwywh edbph hwenppuywlnipindGGtiph @ puqdinep)wG dhel: Un
hudwwwunwuhuwGnignGp GuwlwytiGp @ (£=1,2,3,...)-n;

JdbpglbGp &ed, YnGLhGwlp é::azg"'i.xg“),xg")...’ npwnkn xLOJEX,,,

(k=1,2,3,..) b nhgnip @ hwiwwwnwstuwGneiwl Gnphhy  x;
hGnbpuh x{* wpdbipht hwiwwwunwupiwbnu b (nf nt* nf*,. JeQ
hwonpnwYwGnipniGp: Wn atiwypal FeAd-hl  GhwiwyuinwuhruGh

hbuintywp whybpy wipnne wpdbp dwunphgp’

(1) (1) L
nul ,712 .H3 prue

(2) (2) (2
n? nb® nl® .. ™

(3) (3] ()
ey, Ny

:ih-zm I hwingubi, np 4 pwqinipjul L dwnphglbphg Ywqudwé L
puwqinipjwl 0hoh hwiwywnwuhswbnepyntlp thnhudhwndbp b UG E
gntjg wa, o b pwqldnipnill mGh ¢ hgnpognid: Gplr (%) Gunppghl

hwwugwnutuwGbgttte (7", a0, 7, ng", n5? w® nfV ) twenp-

nwlwbnpnibp (npp nuuwdrpdwé b pGrbpubbph waddwG upgny),
Yurwlwbp thnfushwpdbp hwiwwwowufuwbmpnd L & O pwqiint-
pinuiGph  dhel, ppibnhg t Ghbwkh, np L pwgdnpjub  hbwn
Ghwdwdwbwl wl 4 pwqinigmlip nubh ¢ hanpoepynuG:
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RBlnplkd 4.8: T=(nq,nzns...) wmbuph pwqdmp)nilp, npnbin ag-npp
hpwphg wibwhu plingnubnud 66 0 L 1 wpdbplbp, nllh ¢ hgnpnugpmub:
Uwergniyg: Lywlwlhblp S-n 7T-h wyl  hwpnprnuubnugyniGibiph
pwaunipinilp, npnGg hwiwp hbs-np wbinhg ubuwd pnpnp ag-pp plnne-
Gnud B0 1 wpdbpGbn: S-hG wusnwlnn jnpupwbsjmp {aq,42.d3,...)
hwenpnuiywbmp)pld  Ywpnp Bbp  thatudhwpdbp  hwiwuwnwufuw-
GbhoGt, wjGwpuh  phl, npp BEpymalpul hwdwluwpgmd  nGh
0,a4.a2.as,... Ghplpuugnid, npp YhGh Gwd 1 Ywa m/2" ( m=1.3,...,
2"—1), npintinhg &1 Yhtwlh, np S-p YhGh hwydbh puqongnia: Un
4nnidhg, bpb (@1,a2.as,...) hugnpnwlwlnpinbp, npp WG £ 7-S
pwqunpjwl dbp, hwidwywnwehawGhglblp  pybeph Bpynewlwi
hwiwhuwpgned 0,aq,a2.45... pdp htiin, www uwbwbp dinfuipwndbp
huwdwwwinwuhuwbmpmb 7-S k [0,1) pwqinpput Yhnbtiph Shel,
npunbnhg £ Uhbwlh, np 7-8 L npw bt dblbn Gwl T
pwqanip)nllbpp mOBEG ¢ hgnpnep)nul:

IGunbwGp. Gph A pwqinipjwl wwppbpp rprdnud 56 hwedbh pynd
hiinbpulkpny, npnbghg pmpwpwhsnipp ppwphg wiywhu plnadlnd £
bpyn wndtipbbp, www A pwqdnepnilp YmGhGw ¢ hgnpnepnel:

c
Lph A={a,t%_“} u x,cz{mk , wwyw puwlul b hwiwuwuonwuiuw-
&

Okghty 4 pwadaipwl Jnpwpwlymp nwpnh (aq,42.a3, ...} hwenpnw-
Bwlnipinih, npunbin ax-0 pOnniGned £ O Juwd 1 wpdbipbbp, Ywws
Gpwihg xg=ci pb xp=my, npmybugh unwlwbp Ghnfushwndtip
hwiwwwnwuhuwinegynb A L T puqinipincGGliph Ghole:

§ 5. 32NrntE3NFLLENrP IUUBUUSNTUL

Lwfunpn  wwpwgpwdlbpnud  fnutpmd  Bplhne  puiqunipymGGtph
hwdupdtpnipjwh, hwzybih pwqinpjwl a hgnpnipjulb, ¢ Ynbunplned
~hgnpnippul dwuhfli, Gwhelwtbeel gunwihwp BlGp Qugqdt] pwgdngggnil-
Ganp banprupywl JEpwpbppu Updd nwlp wyn qunwigwph (pwqiine-
pjntGnh hqrpnipjw@) G2qnpuin wwhiwlnudp:
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Uwhdwlnid: Thgmnp popnp pwqinpynlGibpn iipnhdwd 66 quiubph,
wybwbiu, np tipyn puqdmpnuGobp wWwwlwbnd B0 ShGnyl nwuhb w)t
L dhwyl wgl nbwpnad, Bpp Gpulp hwiwpdsp GG SnpupwGsnup
wjnughup nuiuhl dbpwgpblp ppnzwlh uhddng, ppp JwGdwGbGp w)n
nwupl wwinfwinny jnpwpwlgrp  puqdnippwb  hgnpnepeilG:  CGn
nprud, Bpbi 4 pwqdinipyws hanpmpnilp @ - £, gpynud t
: A=a:

Uwhdwlnuihg Gplnud £, np pognp hwdwpdtp  pugineggnlGGapp

nbGh Gy hgnpnupynGp:

Ophlwl, bpb nhnwphblp pwqinipgnbibph wyG qwup, npp
wwnnibwlmd b pGwlwG pytph N pwqimpnilip L Gpw JbpwanbGp a

uhduntp, wuww hwpdtith pugunippwi hgnpaupnilp bhGh a@%), huy

wjé nwup, npp wwpmbwymd t U =[0,1] huwnjwép L nphG
dbpwgnuws k¢ updyngp 4neOblw ¢ hgnpnipintl:

Gpb nhinwpllp & wwppbp nuiiignn 4 pwqinpnlp wwpnuliudinn
dtpgwynp pwqdnp)alGUbph nwup, www wyn guuhl Ydbpugnblp &
uhdumyp k A pwqinipjulp hwiwndtp pwquingymbltiph hgnpnugnifip
thh &: Upwbinhg bwpnen B0p bonwlwglhi, np depowynp puwqdnt-
pintObGtinh tnwppbnh pwiwlp hwGnhuwbned t wdbith plnhwbnp pwg-
dnupnLGllph hgnpnoppelG Swulwynp nbwpp:

Tuwnwnl pawginewG hgnpmupjnlp 0 £ (6=0), huly dEY wwppny
puqidnippwb hgnpnipymlp® 1: _

Wuwhund, nlGGuind pwadnpynuGGliph hgnpnopjwl quinuuithwpg,
Jwpnn GOp hwpg pupdpwgllii hgnpnupyniGitnh hun]hﬁu;mmpjwﬁ
hwtwp:
Uwhdwlnid: Ygmp 4 U B puqinpynlbtiph  hgnpnipniGhbpp
hwywuwp 66 hwiwwunwujuwliwpwn o L G-p°

A=a, B=p:

Lph

1) A L B pwqdntpynbGtinp hwdwpdtip stG (A4B), pag
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'2) B pwqunipjwl by Gw B B, npp hwiwnpdtip t A-hG (B'~A).
www Qwuklp np B puqdinipiwl hgnpnipynibp 086 £ 4 pwqinpjub
hqnpripsniGhg, huy A pwqinippuG hgrpnpimOp thnpp t B pwgimpjw
hgnpnipinihg (a<f3, f>a):

Ophlwy, kphk B

A={a,,a,,....ay}, A=30,

B={b, b, ....b,} . B=40,
Wwujw A~B, puyg A~B", npnbn B'={b1.bs....b3x} L htnlwpwp
A<B

byl alny, gulhwgwd JGppwynp #  wnwppbp  wwpmbwlinn
pwquinpiwb hgnpnipnibp ginpp t L a L- c-hg:

Wdd nhenwpykp N={12,3,..}, N+a A=[0,1], U-c wyn nbw-
1 ‘I
pml N~U (pbnnhﬁ 4.1), puyg N~U" { >3 }c:U b bwpup

a<c.

Wo fuGnhnp, pb gmnepntd mGh™ 2 hgnpaupncl, npp ginbynud £ a
L ¢ hgnpmpniGGhph  ohol,  wyuhlpl'  wjlwhuhG, np  a<u<c
(unGuhGnuih hhwynptiq) nbintw (mudyws sk, pwyg Ywpnn Gap gnyg inwy,
np gnynpyntG nLlGkh ¢ -hg BB hgnpnupynublip nilkignn pwqdnipynubibn:
Phnped 5.1 [0,1] hwndwénid npnadwé prynp hpwib dniblyghwbbph
F pusgiinipymiGp niGh ¢ -hg 866 hgnpnupnb:
Uwwgneyg: Liafu gnyg wwip, -ap F-p hwiwnpdtp st UHha (F~U)
npintn U={0,1]: thpunpblp hwiwowlp, (F~U) L nhgmp @-p nplt
thntushwndtp hwdwywnwuuwingnid t F-h L U dpet (@:FU):
LowlbwhtiGp fi{x)-nd F-h wil Pnlyghwl, npp @-h dhengny
hwiwwwwwuhiubbgynus £ F e [0,1] sdht: dbipglbbp F(2,x)=f(x),
npp hpbilGhg GpYugwglnud b spyne thndhnfuwlwih nnnawih dncblghw,
npnduwd 07 <1, 0<x <1 nhpnypni:

tpdd Guulbwlbtlp w(x)=F(x,x)+1, app npnadwé t 0Sx <1
hwwfwoh dpw, L bbnbwpwp Wt jeF: Puyg wn nbwpnd @
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hw SwwuinwuuwGnup)wG mudwéw)b w(x)=fz(x), ITITH)
w(x)=F(a,x), npintnhg k| Yhtwnlh, np [0,1]-h pninp x-Gph hwdwp
F(x,x)+1=F(a.x), npp hGwpwdnp sk, ophGwl bpp x=a:

Yjuwhuny', F~A4: hul tipk nhuwplblp F'={sinx+c} (0<e <)
pwqdntpnilp, hnp hwGnpuwlned t F-h dh dwup, wwyw wwpg t
nwnGnid, np F’ ~U, nminkinhg ty Yhbiinbh pnpkdh weywgnygp:
Vwhdwlned: [0,1] hwinduénus npngdwd pninp dnubljghwGlph F
pwgsnpjwl hgnpnp)nilp Y0whwlybp £ uhdyniny:

Ujn nbupnud (5.1) pbnpbdp Yuipnn bhp dlwltpwby ¢ <f nbkupny;

Wdd gnyg wtwlip, np gnjpgnch nelh f~hg dbd haapngymil L
nOnhwOpuwby, Yupnn GGp gnyg nw, np biiEng GudwwywG hgnpni-
pjudp pwqdnipnelpg, Yuwpbith b Jwenighy wybkih 0ké hqnpmpinth
nilibgnn, pwgdnupynl:

Bhapkd 5.2: Tthgnip M npld pwainepmb t U 7-0 wn puwgqingg)wt
ponp EGpwpuqdntpniGOGnph pwqdnip)nGn: Wn nbypad” T>M -
Uupwrgnyg: LguwntiGp, np T pugdnupyw viwppbipp bwinhuwGnld BG
M+ pninp GOpwpwqingyniGlting, GwuGwynp nbwpmd M-, 6
nwuwply pugdnipymlp L M popnp obly viwppwGh BGpwpwgont-
pynublbpp:

Luwly, gnyg wwlp, nn 7~M:

Ghpwnnblp hwiwnwlp, 7~M L nhgnp ¢ npkt dinfudhwpdtp
hwiwwwwnwupuwineg)ntlh ¢ wyn pwqdmpnlGGlph shols V' meM -h
hudwp @-h Shengny hwiwwwunwuhiwGnud t apnpwhp @fm el L
ynpwapwilggnep @ m el -hG hwdwwwnwuohweGnud b a6y L Shw)G by
meM :

meM wwppp whjwlblp «ude, tpb mee(m ) L Juin” hwlwnwl
nGuenild: Wo wwpnp, npg @ -h dhengny hwdluwuanwiufuwonad £ M -G
afwy» t, hul) wyb vwppp, nphe hudwswnwofewbnd b & -p <duwns t
Thgnip §-p M+ panp «dwinn b dhuyl < wwppbiph pugdnepyniGh
k: 2wlh np SeT, www ¢-h dhengnd .S puqinejwlp Yhwdwwyuwinuwe-
fuwiih mzeM wwppp

S=p(m, ):
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U ntwpntd me-0 whnp b (hGh LJwd «uy» Gud «funy owpg:
bOpwnpkip mo-0 «qud» wmwpp b Yw YOwGulh, np myep(m, )=S,
pwjg pwih np §-p Ywhdws t Shuyl «yduny nwnpbph pugdnipnilpg,
wiyw 2o-0 Jusn nwpn £, npp hwlwonwd b abp EOpwnpnupyuip:

Uuwhumy, oG «fuwn»  wwpp £ pujyg  wn  pbypmd
mogp(my )=S, hubp nuw OGuulwlnd b, np me-G «uud» wnwpp t
Unwgdnud t wyliytiu, np me-G ng «qwil» t, ng «duin», huly pwih np A -h
nwppbpp Gwd s 66, Gwd «uny, wyw vnwgdntd £ wOhtpbp
hpwihswy, npunbinhg ty htiwnlined £, np T~M:

Gpt GpwlwlbGp T*-nq M-h dhu* nwppny bﬁpwpwqpmpjmﬁﬂbnh
pwqtnipiGn, wwpw weeng t, np 7 ~M L pwlGh np 7 M, www
pbnptip wwwgnigywd t:

Yunngrgyneli: Ygnip M Jbpewdnp pwqdnpimih b, Yuqijws #

wuinptiphg: Un ntwpemd 7 puqdnepincGp wwpnduynod £ 2" wwpphn:

rpnp, 7-0 wwpniGwynd t punwnl puqanepgnlp, c: hwwn dbly wwp-

nwlh pwaqdnienGatipp, c: hunn Bplne tnwppwiing puwqinipmbibp L

wynwbiu zwpnibwl, huy plinhwipwwby 7° puginipiub Sbe HonGho

tcl+ci+. 40l =2"

hwwn wwppbp: Unwgywé wpmynibpp Show b Gwl uyl nhwpmd, Gpp

M= (n=0) Ywi 1 wwppwing pwqinpnl t (#z=1), pwlh np

wnwphl nhwpnd 7'=M, huy tpypnpn nbupnd” -0 Yuqidws b M-hg

L & nuunwpy puqdnipniihg:

Uwhdwlned: bph M pwagdnipyntlp mGh g hgnpnupgnid, hul Gpu prpnp

hGpwpwadnpntlitiph pwqﬁhlpjmﬁn nbh T hgrpoepinil,  wwyw

LubGp, np 7=2":

Ptinpbd 5.2-p Gawlbwlnud b, np 24> 4

Bbnptid 5.3: c=2":

Uuprgniyg: Shgnip T-0 hwhghewGnd t N phwlwl ptnh huwgnpriw-

bwlnipjwl  GlpwpwqoinipniliGoph  pwqimpmGp, huly L-p pap

(a4,a2,a,,...) nbuph hwenpnwiwbnepjniGGbnh pwgonipinclp, npunbin
ak= 3:
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U nbwpmd pun 4.8 ptnptth L=c, huy T=2°: JdtipgOklip
V' N"eT, npp hpkGhg Ghnluwywglned & pGwywt pbiph nplt GGpwpwg-
dnuppne N*-hﬁ hwiwwwnwuhuwitglhlp (a4,a2,a3,...) hwenpnwljw-
finpynil wyliugsy, np bpp k€N, www az=1, huly bpb keN", wuw
e4=0: Mwng £, np wyl ppulwlwgbnud £ 7 L L pwgdnpymGGliph dhpl
nfudihwndbp hwdwwwinwuhiwlnpmb b hbnbwpwp T~L, npnbnpg
k| Yhtnkh, np e=2%
Bhapkd 5.4: thgmp ADA DA, bphi Ar-A, wyw 4 ~A:
Uupwgnerg: Ythgmp @ -0 npht hofudhwpdbp hwdwwwunwofuwineg)nla
t A4 L A, puqdnpniGGtph dhele tyn hwiwyunwupuwinegg)wl Shengny
A-h ppwpwiygnip nwppp hwdwwwowuuwind t A-p npnzwlh
wuwpp: Vwubwdnp ntivpnid 4z-h w)b wwpptpp, npnip hwdwopumuu-
fuwbnd GG A4-p0, Yuwqdnud &6 npnwih GGpwhwenpiulwinipnib
Asc Az
U nbwpnd 4,-p dinfudhwndtp hwiwwwnwuluwGnipjwt by ¢
qunlynty A3-h hbiin: Pwyg A, A4y, Gawbwynus £ Ax-p w6 nwppbipp,
npnlp hudwwwwnwufuwOnd 56 A-h wmwppbiphG, Yugqind b0 bopw-
pwqdnipni Asc A
Ujdd, pwlh np Asc A, huy Arp L Asp @-h Shengny thnfuthwp-
dtip hwdwwwinwuhryOnp)wl dke B4, bwpbith £ Yweaghy A5 EGpuwhw-
onpruwlwbnpinG Asc A4 A-h wyG mwppbphg, npnGe hwdwwunwu-
huwOnud 56 A4 3-h unupptipht:
Ujn wpngtup awpnusliEiny, YunwGuGp
ADAIDA;; DA DADAD ...
hpwn dke Gtipprdwd pwadnueynGGbph hwenpnwiwbnupynl wiliyhuhl,
np
A~Ay A~As, Ar~Ay, Ax~As, ...
Lztlg, np wn ntwpnud nbnh -nlEl Gwb hbnlyw) waGsnupnibGbpp
A=Ay~ A4,
A=Ay~ A=A, *)
Ay— Ay~ A~ Ay



nanGp plunid G0 4, pwqinipnubiaph uwhdwbnuiGkphg:
hgnip D=A4-44 Ay As.... 36 b nnbubly, np
A= A=A, J4( A=Ay J4( A=Ay )4 Ay= A, )4 A4=Ag J+..AD

A A=Ay JH Ay~ o A=Ay W Ay~ A5 J+..+D

npwnkn gnldwpbhGBpp hpwp bt 360 hwnynd:

(*)-h 20nphmd dhkOnyl Gawlny plhonéddwé gnidwpbighlbnG hpup
hwdwnpdtp GG, huly Yppwibbipp” gnuyg we gnuyg Onybwbw GG, npnbnhg
ty hswbnud b 4 U A4 pwqinipnbGbph hwiwpdtpnipynibp:

Bhnptd 5.5 (L.Uphinkip-9.AntGynkh): Nhgmp A-G L B-0 Gpynt pwq-
Gnupnubiibp BG: bphb Gpwighg Jpugpwpwbynipp hwdwpdbp b gjnwh nplt
Auuh 0, www Opwbp hundwpdbp G0

Uupugnyg: Wgnip A~B', BB, B~A", A'cA;

Uinbnodklp thnfushwpdtp hwdwwwnwufuwbnpind B-h L A’-h
dhgly, pln npnid Ath wyl tnwppbpp, npnGp hwiwwwwnwufuwbind GG
B hG Yywaitt 4 "4 cA L A~A ™ {(A~B * B™~4 ”): Wuwnbinhg £t
5.4 ptinpbdp Yppuwinting Yunwiwtp A~4" & pwGh ap A'~B, wuw
A~B:

I htiinluwGp: bpb a-6 L £-G bpyne hqnpaipynuGGbip b6, wuju

a=f, a<f, a>f
wrbsnpnuibpp wihwdwwbnb h bG:
Upwgmypg: UG thumng, np a=F wnbsnipynilp pugunncd b 0Gwgwé
Bpiniup, wybhwpn L;

Wdd bBOpwnptlp, np dhwdwiwluil wnbnh mﬁh a<ﬁ Lha>g:
Nhgnip A-0 b B-G wylughuh pwqdnipmiGObn GG, np A—a: B'“ﬂ

ewbh np a<fB, wuw 1) 4~B 4 2) A~B", npwtn B 'cB: Puwg
§jnwu hnntipg, bpp a<f, wwyw 3) B~4 * npintin 4 c4:

2) L 3}-hg htanlined £, np A~B, npp hwlwunud £ 1)-hG:

11 hanbwip: 6pb «,f3,7-G bpbp hqnpnupmGibn GG L a<f, f<y,
wiw o<y, wjehbph < weignipnlp dinfuwbguipwi t:

Uuwpwgmyyg: bpnp, bpt 4,8, C pwqinpnblbph  hgnpnipymGObpp
hwiwwwwowuwiwpwn @8,y Lt wyw A~B'cB  B~C'cC,
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npunbinhg htnbinid £, np A~C" <C, npntn C” -n C’-h wy bOpwpwq-
MnpntGl £, npalp hwiwywnweluudmd GG B -hﬁ BuC(C- -h hwdw-
wuwrwsfuwbnuejul dwtuluy:

UGned k gnijg g, np A+4C:

Pwyg A~C-hg Yhtanlh, np C~C, huly wyn nbwpmd pun 5.4
phnnptidh YniGblwep C'~C, npinknhg b B~C L fi=y, npp Yhwlwuh
wpdwé ugwpdwbhi:

ShunnnnipinG: annmpjmﬁﬁhnh hwﬁbﬁwmﬁwﬁ uwhdwGnwihg phunud
t, np bpk A~B B, Wi Yy A~B Luwid A<B:

_ hwhmnn ahwnnqnipjwl’ 4~B "B wnlsnipjnilp hwdwhe gpyncd ¢
A<B whupny:

Lz¢wé wpnwhwpnnipjwl oglngjwip 5.5 phinpbdp Yupbith b dluw-
Ybpuytp hbwnlgue Yhpw.

bpb 028 L a<f, www a=4:

Geli m-p L #-p plwlpuG pdbp 60, www hbinbywy Gpbip wpnwhwg-
wnipndilibphg dGYp L dhwy0 o6hp Ywpnn E nbnh niGbiGu).

m~n, MmM<H, mM>n

Mwnqurudd t (wujugnuygp vibnwehnfugdnewd £), np a b F bpyne Ywidw-
suliwG hanpnpniGGbph hwdwp woinh nibh hbwnlgwy Gphp wpuwhwg-
uinLpnLGlbphg Gkl L dhwjb shyp

a=fl, a<fB, o>§,

nnp Ynsdnid E hgnpnupyniGlibiph bnwhwnlyngpnG:
RBlinpkd 5.6: [0,1] hwmwdnud npnadwé panp wiplnhwn dnublghus-
Gph @ pwqglnipyncGp mGh ¢ hgnpauppnuG:
Uupugmiyg: hgnup @iz{sinx+k}: Twpg t, np P cd L D=c,
npunbinhg Yhtimbh, np

b>c (*)

UGnei & gnuyg vt np '

dD<c: (*%)

Mw hwown GawbwybGe H-nd [Uy, U, Us,...] mbuph pnnp hw-
enpruwbwlnipymlfitnh  pwqdineailp, npntin Ug-0 ppaphg wGyufu
phnnGnud t pagnp hpwljwG wpdbpitpp: Cun 4.7 phinpbdh’ }?:c :
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Jwdwpwhw)bip [0,1] hwwndwsh papnp rwghnbw pytiph pwqdnt-
pynLlp”
Fi, F2, F3 oo
bnpwpwigmp f(x)e®@ dmoyghijhe hwiwywunwuhwlbgbhGp
ap=[flry), f(r2). flrs), ..]:

Mwpq t, np aye H L bph flx)#g(x), www as# ag. bpnp, bph
ar=ag, wuyw f(x)=g(x) hwywuwpnipmOp wnbnh ynlbGu [0,1]
hwwywsh pnpan x rwghnluy wpdbpltinh hwdwp, npatighg b f(x) L
g(x) nililyghwlbiph wihplrnhwunnegggnlhg Ghtnbh, np

ftx)=g(x) ¥V xe[{01]:

JGunbwpuin G”)~H':{af} L pwGh np H' cH L §=C, wwuws nkigh
YnuOtlw (**)-p L Gpuw htitn Gwl pbinpbith wwwgnygp:

huGnppGtn L Jwndnipynilltnp

1. Uwwgmgk), np dnlinnnG poblghwih fugiwG Ybnbph puqinc-
pintlp ny wybh pwl hwpgbyp b

2. Uwnbndbt Yymfuthwpdbp hwiwgwinwupuwGnipyald (0,1) L {0,1]-
vhok:

3. Uwwgnighy, np f=2°

4, Hwwgngb), np tph A=B+C, A=c, wyw B L C pwqiinipjncl-
fikphg gn0k 064p nuGp ¢ hgnrpnipjnub:

5. fhgnip f(x) Pmllghwl wybuwhuhl £, tn ¥V xo 3 >0, np bipp
[x—xo|<d, wnyw flx)}2f(xo}: Uwugmgly, f(x) Dnibyghwih wnpdbp-
Ghph puwqdmp)ntOp ng wdbih pwl hwadbih t:

6. Uwuwanigty, mAB+C= (A+C)(B+C)

7. Uwugnigty, np tiph A-ZA L A-c www A, pwqinpn.GGhinhg
=1

gnbt dkhs moh ¢ hqnpnupiniQ:
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IT HNRY
P4UshL LURUANPSNRLLEE

UWu gifunid Ynhwwphubl Z hpuiwl pdtiph pugdnippulp (puush(
wowlgphl) wwinlwinn pluyhl puqdnipynuilbp, npinbn hwGnhwynn
aytinn, chwinduod», «howlu)p» L wyl wnpwh quinuiwpibpp
GoginwgnndybG npwbv plwpwlwywn dhdnpjnulilbp, hwdh welbpng
lpwbg pwjhh wpdbiptbpp:

§ 1. UUIUULU3PL YLS

Uwhdwbmd: xo9 Yoinp E YtnwihG pwqingpywl hwiwp GuwbwGbGp
uwhiwOwihG Yhin (junwgdwh bbwn), Gpb wyn Ubwnp wwpniGwiwGnn
Jwiwjwhwh hGnbpdw) wupnbwynd b £ pugtnpjwbp wwmljuwbnn
qnbk 46l Y, npp mwppbp £ xe-hg:

QUnunnnnipint G:

1)} xo Ytwp Yupnn b wwwlwGl £ pugdnipjubp, ud swun-
Yuulby;

2) bph xo Ybinp wwnlwlnid £ £ piuginpjwip, pugg Gow husdwn
vswhidwbwyhO Yewn sk, wwyw wih gnsfnd | E puqinpjui «dtiyntuwg-
dwili» Ybun:

3) bpkb xp Ybinp £ pwqinipjul uwhdwGwyhG b £, wujwe xo Yhnp
wwpntOwhnn  Quiwpelwo (a,f) dhpwiugp GwwpneGwlh wiybpg
Ybwnbip £ pwqinipjniGhg:

UnjwgmghGp 3) nhinnnnupynuln: SGpwnptibp hwliwewlp, xe Yewnp
wwpniGuwlnn (a,f) dhewlwypp wwnnibwlng b dhw)l £ pugingpjus
xo-hg wwnptn Jenpwdnn puny Gk £, & Lpwluhblp J-nd
oG Pro=&al 1o pio=&l, Xo—a, f~x, pubnhg  wikGwinprp L
nhunwnlblp (X,—&,x,+6 ) Showtrugpp, npb pllws t (@,fF)-h oy ne sh
wwnnbwymd & {(k=1,2,..,n) Ubwnbphg ny Gblyp, wjuhGpGwyn
RGwmbpduwip xo-hg pwgh sh wpunmGulined £ pwqdnipub Yeunbp, npp
hwiwund £ xp Yownh £ pwqimpulé hwiwp vwhiwbwiht Ybwn
LhObncG:
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BEnpbd 1.1, Npwbugh x¢ hnp £ puqinippub hwiwp (hip uwhdw-
Gughl e, wihpwdbn £ L pudwpwp, npwbugh win pugdncpintihg
hGwpwinp thGp wrwGdGwglbiy x4,X3, ..., X4, ... Liwpphn Yhnbph hwenp-
nulwbnpymd, wlwbu, np

Xg=limx,:
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Uupgniyg.: UGhpwdtizanipnilp: dhgmp xe-0 £ pwqimpwl hwiwp
hwGnpuwbned €t vwhdwdwihd Yo (xp—1, xp+1)  Ohewlwphg
phuinptlp x,eE uwyliybu, np x,#x:

UjGnihbinb (x,-1/2, X,+1/2) dhowluwyphg pinpklp x,€F lYhin
wjbwbu, np o x,2x, X,#x, L wnubu wpmlwl: #-pn pwynld
(x0~1/n, x0+1/n) dhowlwyphg YpGinpbGp x,€E , npp wnwpplip t x,,
X2, ... Xpq Ytnbphg

UpmynuGpmd £ pwigingg)nilihg wnwGidfiugywd {xn} hwgnpnui-
whnepynG, nph hudwp wwpg &, np f"i_)rfz;oxn:xoz

Pwwpwpnepynilip: Glpwnnblip wbnh nibh fmx,=x,, npnbn

x,€E (n=1,23,.) % Yoywlwyp, nn V >0, 3 N=N(g), nmp
bpp n>N, www |x,—xg|<e Ywd xg—£<x,<xg+€, wjuhlpl xo hhwh
Gubuywlwl (x,—¢, Xo+&) Shpwlwyp wwprbwhnud b E-h0 wwinlw-
Gnty xp-hg viwpptin Yknbp L hbnlaupwp X bhnp £ pwqinipjul uwh-
Gwlw)hG Ybn E:
Uwhdwlned: xq Wbnp E pwgdmpyul hwdwn Ynggnud b owhiwlwh
Utn, Bpb wyn pwadnipinibhg Ywphih b wowGdbuglby wwppkip Ubwtph
X1,X2,X3,... hwenpnwlubnipinl wluwhuhlb, np

lim x,=x,:
Phapbd 1.2: (P.Lojgwln-Ydbbppunweh): bwdwjwlws £ wiytpe
vwhdwGwiwy pwqinipgaud alkh wnlduql 06y uwhiwbuhG Yen (npp
buwpen b L swuanlwaly E-hG):
Uwpwgniyg: E puqimpjul uwhdwGuhwynepyub 2Gnphhy gnynepni
nih [a, ] hwndwé wibwhuhG, np Ecfabj:
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[et,b] hwmbwép c=(a+b)/2 Yannd pwdwlbbpe [a,¢c] L [c,b] bplnc
hwdwown hwndwdbbph k GawowlbGp [a4,84]-nd GpuwGghg wiG, npp
wwpnlGudnud | wldbpe pwginippuadp Ubinbp £ puqinipniOhg (wgn-
whuh hwindwé gnjnepinlh nibh, hwlwewl nbwpnid unwgdbn, np £

puqlinipjul Ghinbiph pwlwlp Jepgwdnp t): Lnys dlny cr'aj;b1 lit-

wind Yhubiny fa+,54] hunrjwép U GawGwlbinyg [a2,5;])-n wyn Yhugws
hwinywélbiphg wyl, app wwpnbwlynd © widbpe Yewnbp £ pwqdnt-
g)nLihg L wyn wpngbivp wOdbpe awpnibwlbbind, YunwbwGp hpup Skbe
Gapnpyws [fa,b]>fa, b ][ a,,b, [o... hundwéslbph hwenprnulw-
Gnpynil, npnlghg jmupwpwGynipp wwnpnlGwynud t whytne Yenbp £
pwgldnipnilihg L npnOg  bpYwpnepnelObph  hwenpnuijpwuGnepnilp’

b
b, -an=2—:a—>0 , ipp n—>+0

Fanbuspwp pun Gepnpdwé dhewlw)pbiph uyqpnilph, gqnjnupncl
ntlh xo UGy, npp wwwnQubnd b opniop [a,.b,] hwndwéObphl L
lima,=limb =x,: Ujdi bpk Jtpgltitp Ywiwjwulwl {a,8) dhowluyp,

H=pe

H=w
npp wwnnifwlnud £ xg Yhop, wyw pwdwhuwGuswh §6é 2-bph hwdwp
la,.b:]c(a,B), wlyby np (a,8)-h0 Yuunlwiss £ pugdnupjud
wlybpp pwqinmppudp Yewnbp, npintinhg t yhbwnbh, np x,-0 £ pugqdne-
pjwh uwhiwbwh( §bwn £

Iuwpl £ Gz, np F-h vwhiwGwihwlynee)nilp sh Ywpbih wGnbuti,
nprdhbnl bpb nhwwplblip N plwlwd pybnh pwgdnipnelp, wug unyl
whybpy £, puyg uwhdwbwihwly st L snulp swhiwbughb Yo

LhpwenignlGObph dbp hwwju Pnpgwbn-Jdbpbinpwuh  penplidp
hwpiwn | oqunwgnpét hinbyus nbupny:
Bhnphd 1.2° Ywlwuwlwl x4,x5,...,Xx,... uwhiwlwiud] hwonpnw-
bwGnip)ntlhg (3 K=const, np.|x,|<K, x=1,2,3,...) Juptip | wowGs-
Gwglbt qnigudbwn Ghpuwhwenpnwlwbnup)nLl

Xy o Xy X e (< <ty )
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§ 2. Uy pUUAHB3NILLEN

Uwhdwined: Shgnip E-0 Yainuwgph pugdmpini b
1. E-h pninp wwhiwbuwgh Ghnbph pwqimpniGp £ pwqdngpwb
huwidwp knsynud Ewowhgiw| pwqoingnl L Gawiwldnd t £ -ny:
2. bpb ECE’, www £-G hngynud £ hGpl hp dby fuhuin pugincgniG:
3. bpb E'cE ., wwuw E-G Ynsyncd b ks puqinegnil:;
4. bpb E=E', wuw E-G bngyntd b yuwwnwpywy pugqinip)nil:
5.  E+E' puginipinilp Yngynid b £ puqinpiub thuynd b GauGwl-
uni t E:

Ujuwhuny, pwqunipnchp Yogned [ ohuly, Bpb wyl wwprlwlyned t
hp pniep uwhdwGw)l Yawntipp: bOp hp abe tuin prugdnmpinibp qnupy &
dbYyniuwgywé Yanbphg: LUwinwppu) pwgdnupnibp twt t b pGpo hp dbe

fupun:
Ophbwlhlibp:

1. F={1, 12, 13,..., 1, ..}, E'={0}: Pwgdmpml b, thwy st L
wibkBnipbip fupwn st

2. E=(a,b), E'=[a,b]: Puginpinihp wiklnpbp fubwe t, pug
thuely st

3. E'=[a,b], E={a,b]: Puginpjnilp unwpyug L

4, F=27, E'=Z: bpuljwl pybiph pwgdnpnihn Guinwpjuy t:

5 E={1, 1/2, 43,.., tin, .., 0}, E'={0}cE: Pwqimpnilp thwl
b, puyg wikinepkp fuhw sk

6. E=R (pniop nuighnGw) pubph pwgunipnllin), £'=Z: Puqint-
pinLlp wikOnupkp fuhin £, pwjg thwy sk

7. E=0, E'=Q, wjuhlpd nuinwpl pugdnipjmbp kwnwpjwy t:

8. E-0 Jbpowyny pwgdnipndd t, £'=C, wuhlpl Jbpsunp pug-
dnupyailin thwl b, pujg wibbmpbp tuhwn gk
Phrpkd 2.1 6pt E-G Yuwdwywluwl hwnaghl pwgdneenc £, www £ -p
thwy
Uupugnipg: bph E'=0, wwyw plinptip wwpg b Bopwnpkitp £#0 L
xp-0 E'-h uwhdwlwihG Y t: Dhgnp (a,8) nplt dhewlwjp t, npp
wwipnilwlnud £ xe-0, hwnlwpwp 3 Z'€E’ (a,f8), huy nu Dwlwynid
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tp («,f) hOwbpdwip wwpnlbwynad £ E pugqinepiut swhdwGuhG
ltwnp b htnbepwn Guyupnibubh wGdtpe puginigjwdp §bnkp £-hg L
mpbdl’ xp-0 £-p uwhiwbwihG Lsw £, npinbinhg £ hbinlimud |, np xqge £
I f7'-p hway £

Phnpbd 2.2. 6ph ACB, wyw 4'cB"

Uwpuigniyg: Gpb xeeA', www Ywiwjwlwo (a,f) hGnbpygwy, npp
wwpnuGwlimud t xe-0, YupupniGwyh wogbpe Ghnbp 4-hg W htinlpun
hwl B-hg, hul nw Gpubwyeud E, np xe-0 8-p uwhdwluwyht Yo t L
htwbwpwn xe€ B, npintinhg k| Yhtinbh, nn 4A'cB"

Bhnpbd 2.3: (A+B)'=A'+B".

Huprgniyg: hanp xo& (A+B) " Un nbiwpnd (A+8)-hg Lwpnn GGp
wnwlidlwgib] x4,Xz....Xn,... wnwidhd GEnbknh fwenpnuabiwGnuppnul
wiylGwkiu, np mxﬁx{,:

tph win hwonpnulwlnpjwl by Ywl whtpy pwgqinipjuap
lEwnbp A-hg, wujw xo-0 YhGh 4-h vwhdwlwgh0 Yo L xee A'cA'+B".
tpt x,-p d6o LYwG uUbpowynp Uhinkp A-hg, www xee B'cA’+B"
Uuwhund, wiklnpbp xqe 4 +B' L nupbdl’ (4A+B)'cA'+B": Puyg
ynuu Ynnohg 2.2 pbinpbihg A'+B'<(A+B) L (4+B)'=A'+B"

I nanbwGp: Ywiwjwlwh E pwgdnupjui E thaulyrdp thualy k:
brng, (E)=(E+E' J<E'+(E')cE'+E'=E'cE :

1T hbwnLwbp: NpwGugh £ pwginggynulp (hiih thwly, wibpwdtn b L
patwpwy, np wi hwdpChGh bp duljdwl hbwn.

E=F: .

Luwtunpn htinbwGphg Yhbnlh, nn Gpb E=E, www E-6 thwy L
jdd Glpwnpblp, np E-6 thwy b thn gbwpned E=E+E'cECE,
nputhinhg by hbinbkad b, np E=E
Phnptid 2.4: Jhpgwnp pyny thuwly puwqinmpnillbph gnidwpp thal) L
Uupugnyg:  Lwhu  nhuowplbbp  bpym gnidwpbhGbph  hwdwnp
h=F+Fy:

23 phnphidhg mGbGp P'=F+F,, nunbny FcF, F,cF, L
htwnbwpwn @'c@, npinkinhg b phnpbih wwwgniygp:
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Wdd Ghpwnpblp F=F+F,+.+F -h hwiwp ptinptdp Show L L
wwwgneghiGp, npul Ghawn b Owb A+ 1 gnudwnbphGeph huwdwp:

depglhlp P=Fy+Fot. A+ Fie=F+Fsq, npnbin F-p L Fgop
thwy 6O b hbnlwpwn @=F+F ., -p Gnylubu YhGh ghwl, npubu Splne
thwl pwgdnig)nLlbGeph grudwp:

Ogunybigny Gwphtwunpywlwb hlnnyghugh dbpnnhg, Ywpnm GGp
wlnkiy, np pbnptdip nbnp nubh Quiwpwlwbd dbpewynn gruiwpihlbph
hwdwp;

Tunngaipyne: UldGpg pwqinpjwop thwly pwqdnipymbatiph gnudwnpp
Yupnn t Lodhwly pwgdnepndd 5 hGk);:
bpnp, Bpb nhuinwpytilp, ophlwl

F,,:F,‘I] (n=12.3,.)
H

thuy pwqinpniliobpp, www Gpwiig gnudwpp’
> F=01]
n=1

pwg pwqimpnil t;
BEnpkd 2.5 bWwduwjwlwld  pwqinpjup  thwl  pwodnipneGlbph
hwunnudp thu L:
Uapiugnyg: Gapwnnblp ipfwe t Fg thwl pwqtnipneGibpp, npunbn
-0 bupnn t pOnmbbp Jwdwjwlwt  pwodmpjwl  wpdbplbp U
(D=HF§ -0 Opw g hwwnndl k;

¢

Un nbypmd @cF, V §-h hwswp, apnbinhg Ghbwnlh, np
P'cF; I htinlwpwp @D'CF,, npintinhg Ly D'[1F,, hws P'cP,
3

npp b wuhwbedned Ep wieyignegtiy:

L&dd. Yhgnp E puqinipimbp yhipkhg (Gbpplhg) vwhilwGwhwy t L
B=sapE(a=inf E ), wn nwpnd JeE(aek ).

Uwwgnyyg:  btpk  feE, www ﬁef: GhpwnptiGp B¢k :
Ve>0 3 xeE, np x>f-#, nmntinhg t Yhbwlh, np gquilwgd

Showlwyp, napp wwpntbwlnul t S-G, uupndbwhh £-h Yhnbp, npnGp
36

wwpptp 66 E-hg (ﬂEE), huly nw Gpwlwynd b, np -0 E-h vwhdw-

OuyhG Yo t L hwlwpwn BeE'cE : Wuwhund wiklnpbp ek :
BEapkd 2.6; Jdtplhg (GhppLphg} uvwhdwbwihwl F thwl puqinieius
dbip gnynupynLG nuGh wikiGuwwe (wibkiwdwfu) Yhn:

bpnp, bph £, wwyw feF=F:
Uwhdwlmed: Yhgmp E-G Uhnwghh pwqdintpinid b, huly m-p dhow-
luypbnph nplt hwdwlywpg: Gpti nipwpwlgnp xe& -h hwdwp qnjne-
pntG nGh Sem Shpwluyp wibwhuplb, np x€&, www Ywuklp, np E
pwadnipjnilp swolidws b dhowliwpbnh m hwiwlwpgnd:
Benpkd 2.7 (t.Pnpbth): Gpb F hwl vwhiwbudhwl puginipjui
hwdwp ghynepnch nGh m wlgtipe Swoynye, www Opwbthg Yupnn Bop
wnwGalwglty F-h m Ubppuninp GOpwéwélnyp:
Uwpwrgniyg:  Glpwinpblp  hwhwewlp, ybppwdnp  GOpwdwdlynijp
grynipyni gnulip (F -p wiigbpp puqdnipynG t):

AnnepyneG mbh [a,b5] hwndws, np Fofa, 6] (F-p uwhdwlw-

dtwly b)) U GuibuwlkGp c—a;b: Um nbwpnid [a.c] b [e,b] hundwo-

GGphg gnObG dbyp fuwpoiGwlph F-h uglG Swep, app smGh dbpeungnp
kOpwéwdynepp 72-hg, hwljwnwl ntwpnid Yunwgdbp, np F-p hwdwp
grympynld nuGh dbpowdnp Gopwéwoynyp (ugupGpld F-fa,cl-h b
Fle,b]-h twitwp gnnuppnl §nibblw dhppwynn blpwdwdymyplbn):
Wn hwindwép Guad GnwGghg npld SEYp (Gpb Bpyneod b odndwd Gl wn
hwinympjwip) OawGuysbp [a4,b41: Twpg t, np F-{aq,b4]-n wodbpe t:
U Gyl dbpnnp Yhpwetlp [ai,b4]-h dnw b GauGwiblp [a2,b2]-ny
{a.b1]-h wyh Gwup, nph hwiwp F-[ay b2]-p snbh dbppwynp blpw-
Swalnyp m-hg: Gpti win wypngbup wiubpy pwpntlwlikGp’ YunwbwGp
(a.blcfa.bilc[anbz]c... hpwp dbe Ghpapwé hunndwotbph hw-
onpnulwOnipimG wibwhuhG, np Fla,bxl-h (n=1,2,3,...) hwiwp
qmpupinG sneGh m-h yepownp LiGpwéwdinnyp (wuby b pb jnupu-
pwihygmp  pwqimpmb wGytipe t) bk [@6,]-h bplwpnenbp
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b—a
*2—,;-—>0 tipp n-—>+o0: Itwnlaupwp, Gbprphg dhewlwipbnh uligpntG-
phg qnynupnil nilh xo€ [a,,5,], pln npnid

=P

8nyyg wwlip, np x,€F : Apw hwiwp pGnpkbp F[aq,b4]-hg x1,
wyOnchbnl F-[az,b,] whytipe pwgdnipynilhg x5, npp nwpptp £ x4-hg,
wybnihbnk F-laa, b3 wiybne purquintpyniGhg xz, npp wmwppbndocd t
X1,X2hg L wynwbu pwpniiwly: Upyncbpnud Yunwluip Fpuginig)wi
wnwnpbp Yeinbph x,x2,x4, ... hwenpnulwbnipnl, np a,<x, <b, : Puyg,

wyn nbwpmd Jlim x, =x;, htitnbwpwp x¢-0 F puginppw bwdwp hwi-

nhuwintd ¢ uwhdwiw)po hbin: Puyg pwGh np F-p thwl puqinupndG E,
www x,ef

Uydd, pwlh np F pwqbnpiwl hwidwp m-p swolioyp £, wwyw
3 d¢=(a.f) tppwbuwyp uyluhuhl, np xoedo b pudwpwph 66§ #-tih
hwdwp (@, b, ]cdo U hbnbwpwp F[a,,b,] <o, wyuhlpl’ F-[a,.b,]-
p Swéhynid b dbly dhpwlwypny mi-hg, app hwlhwund t [a,,b,])-h
vwhiwbdwlp b weywgnignud penpbdn:
Bpangmpynili:  REnphip wbnh sh nGb0w, btpb wiwbublep F
pwainpul uwhfwbwthwynipwi wi hwympjwl wuwydwlp:

OphGwl, N pOwlywd pdbnh pwqdaeindap thwl £ (N'=C), puyg
uwhiwlwehwy gk Epb nhunwplykbp #-1/3, n+1/3 {1=1,2,3,...) thow-
Ywgptiph  hwdwlwngp, www wyl dwéynid £ N-p: Lwlh np jnupu-
pwignLp Showlwyp dwélned £ dhwjb dbYy Yen, wyyw N-p hwdwp gnpne-
pintl snbh ybpowynp bhpwéwdlnyp m-hg: bulj bt nhuwnplkop
E={1,1/2, 113} Ybwnbph puqinpmniGp, wwyw wyh Yheh vwhiwbw-
thuily, putyg s thurly:
_ 6pt jmpwpwlgnp 17z Ybn SwdlkGp 5, dhpwlwipny wjGpwh
tnpp, np wyl spGngplh niphz Yt £ pwqdnipynilpg b m-mf Gzulw-
LGp wyn prgnp Jn-h hwdwlupgp, wyw wwpg nweGw, np m-p 6wé-
Yol £ £ pwqginpinilp, pugg £-h hwdwn gmmepiniG sniGh m-h ytpow-
dnp Bhpwdwdlnp:

38

Btnpkd 2.8. thgnip F-p hwly pwgdnigynel £ L
X1y X2, X3 o0y Opp 1eves (*}
¥ pwqinipjwG Yhinbph hwenpnuijwlnipnil b bpb limx, =x,, www
[l

\QEF

twwgnyg: tph (*) hwpnprwlwinipnilp uqummﬁu:unuj I whykpo
pwadnepjwfip tnwppbp Yownbp, www xq-6 YrhGh F-p uwhdwOhl Ybn L
xoeF, puly Gph (*) hwenprrulwlbnippwd dhp 4wl dbppwynp puny
wwppbn YGnbp, wwyw hwerprulubnippud panp winudbbpp hﬁ;_-nn
hwiwphg uluwéd hwdpllhnud £ xq-h hbin LxgeF:

§ 3. LLMEPL UESEP bd ~US RPURUNHABNFLLED

Uwhdwlned: xy Yhinp Gnsgmed £ E pwgdmpjulb Gepppd Yoo, Gph
qrinipyml mGh wyn YawnG plnaptnn (@,8) 2newluw)p, nnp wdpnrenyhl
nGnanplynd £ E pwqinipyul 8y’ xo=(a,B)CE:
Uwhdw(nudhg Bplned £, np £ pwqinpjwl Gapphl bwnp wwingwlnd £
f£-ha:
Uwhowlned: E puwqlnip)nibp Ynsgnud b pwg, Gpb Gpw pnpnp Yhinbipp
GhpphC Yhwnbp GG
OphGwlhGhp:

1. bwdwjwlwi (@, &) Showljwp pwg puginipndd t:

2. Bonp Z hpwibwh pdeph pwqinigjnllp pug b

3. & nuunwnpl puqdmpimbp pug t:

4. {a,b] hwunjwoép pug puqinipioil gk, pwlh ap a L & Ybukipp
Obpphb Yewnkn s60:
Phapkd 3.1 wwlwpwlwl  pwqdmpjudp pwg puquianjnLﬁl]bnh
qgnuiwpp pwg puginipmG t;
Uwywrgnyg: Nhgnp S= %G . npntin G, pwg puiqinegniG t ‘W,’ -h

husiwp: Yhgnp XS, www xeG, nplt &-p nbwpnud, L pwlh np
G,-0 pwg pwqdnpnG b, wwyw 3 (&,f) dhpwlwip, np
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%e(@. f)cG, b wowdty W xye(e, f)=S . wilgbu np xo-G S-h

hwowp GepphG Ytiin £ PwGh np xe-0 S-h Judwpuwbwd Yoo b, wwyw
pbnplidp wujwgnigywé t:

Fownbw e Gudwwlgnh  pwgdnpntl, npp hwinhuwlmd b
dhowlw)ptinh (pwg) qnudwn, pwg puqinig)nul t:

Pbapkd 3.2; dipgwynnp pUny pwg pwqdnip)nllbnh huwnnedp pug b

Uupwgniyg: "hagnip P=ﬁ G,, npunbn Gepp pwg b6 bpk P-0
k=1

nuinwpl b, www phnphidp wwpg b Yhgnip P-0 nuinwply st L xee P
Un nbwpmd xoe Gy (4=1,2,3,.) b jnipwpwbygnp £ (£=1,2,3,..)-h
hwdwp gnjnuginG YnuGeGw (&g, f) Ghowliuype w)buwhuhl, np
xpe(ap.BrycGy:

Lawlwlblp A=max(ay,0z,..0,), g=min(f1,52,...5:), npinknhg
kL YhGwnlh, np xo€(A,u)cP, wpuplpld x-0 P-h Ghpphl Yt | L
hbnbwpwn P-0 pug putqinipynih t:
Qpngmpned: ULdGRg pwqinipjwip pwg pwqinupjnullbnh hunnuip
Yuipnn £ L purg purgqdnug)nil s hGkg:

Ophluwy, tpt nfnnwpytap

Gp=(~1/n,1/n) (n=123,.)
www Ge-np pg puqinipnlitp 5O, pwg Gnwig huwwnmdp
A6,={0}
n=1

puwig pwqdnipned st
Vwhdwbmd: hgmp E-6 L S-p Yhwnwghfi puqinipnGGbp GG: Gpb
EcS, wyw §—-FE-0 Ynsynid t E puginipjud ppugnid dhlsl S pugini-
piolp L Gpwlwldmd bt CgE: UwuGwdnp nbwpnu’ CzE-0 nsgnud t
wwpquigbu £ puqdnpwl jpugned b Gauiwlyns t CzE=Cg:
PBhnapkd 3.3: 6pb G-0 pwg t, www Gpw gpugnuip’ CG-G thwly b
thyugnyg:  Shgnp xeeG,  www 3 (a,f)  Shewhwyp, np
xoe(a,f)cG: Wn hhwmbpdwip sh wwpnibwyned Yenbp CG-pg,
wuhOpl’ x4-6 CG-h vwhtwluwghG Yk st W hbinlawpwp CG-h bwdwiw-
Yl uwhdwGwhG Yeun sh uwipon dnbbp G-p dbie: Upunbnhg hbilnud L,
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np CG-6 wpupnuOwinud £ bp pnpng uwhdwGuwhG Yhunbpp L hbinbwpwp
puwly pusqdmpyni k:
Dbaptd 3.4: 6ph F-p thay b, www Gpw gpugnuip’ CF-p pug b
Hupegnyg: hgnip xoe CF: Un nbuwpnid xe-0 sh hwinhuwbnig F-p
wwhdwiuwihl Yhn U hewnbwpwnp 3 (a,8), npp wwpnwbwynud £ xe-0 b sh
wwnpnGwlnud F-h Yhn, npp wwppbp b xe-hg: Pwg pwlh np xq&F,
www (a,PyaF=, wlytuv np (¢,)CCF b xe-h hwinhuwind CF-h
Glipphl Ybwn:

Uwulwinp phiygentd Yupan e wwpgby, np Z L < hpwp |puglinn
muqdnugnelitnp dhwdwdwbwl b pug BG L duwly:

b7 b inbulkp, np.
1) tpb G-0 pwg b pwqinpmb t, huy [a,b}-G Gpwb pGngpynn
hwuwd, www [@,b]-G thwy k,
?) tpt F-p thwl pwgdnpinG b, puly (@.5)-0 wl wwnplbwbng
apewlywyp, www (a,b)—F-p pwg L:

Upu wrtsownpubpllipp Gplnud G0 hbwnlyw) GnybnipynuGUBEnhg:

fa.b]-G=[a,b]-CG, (a,.b)—F=(a,b)-CF:

Twl hwlwewy, btpt F-p thwy t L [a,6]DF, www [a,b]-F sh
hwinpuwlnud phnhwinip nhwpnud pug pwgdnipynelG: OphOwl, bph
Jtpglklp F=[0,1] L [a.5]=[0,2], www [a,b]—-F=(1,2], npp thwl
pwquinipym sk
RGGwphdwd thwuwbpp hpdGwdnpbiee hwiwp OGywonwydnp b o
hbunbywi uwhdwbnuip:
Vwhdwned: hgnip E-G ns nuinwpl uwhdwOwihwl puginpmb t b
u=infE, b=supE: S=[a,b] hundwép Yngymd b E-0 wurpniGwynn
dhipdw) hwndwé:
BEapkd 3.5: bph S-p F hwl vwhdwlwihwl pugdnipymbn wwprtlw-
4nn dhGhowg hwadws b, wwuw CsF = [a,b]-F-p pug pugdnepneG k:
Uwpergnyyg: Pudwliwi t gnyg vy, np CoF=(a,b )}-CF :

Whanp  xeC Foxefab], xygF—>x,2a,x,#b  (pwGh np
uekF |, beF ) -»x,e(a,b): Umu Ynnihg, x,€CF , hbnlwpuwn

CFc(a,b)CF .
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Abzw b gnyg vy, np (a,b6)}CFcC F L pbnpbidh wuwwgnugp
wihGhuwyin £;

§ 4. 36RUAAPAH3NEL BJ RUJULELMNFB3NFL

UwhidwGmd: Nhgnip X-p twppbph YuwiwjwhwG pugdnggmb £ {X,p)
qnugp Yuwodwotip sGwphbwlwl wwpwémpned, npnbn p{x,y}-p X
pwqinippul x,y.2,... Yeinbph (wwppbph dpw) npnpdud hpwbwG
wndbiplbp plnnibnn dnilughw b, npp pwyuwpwpnid ¢ hbinlyuy bpbp
wpuhniGtphi.

1) p(x.3)20, p(x,¥)=0 wjG L dhwyl wyb nbwpnd, tpp x=y,

2) p(x,y}=p(x.y) (uhdtnphlinipjul wpuhng),

3) plx.z)<p(x,y)+p(y.2) (brwGlyul wpuhnd)

{X,p) stwnphlwlws wnwpwoenipintp hunpnn 66p b bwbGwll) R=(X,p)
G6Y thweny:

OpfrGw b
1. bwdwjwhwh nwppkph praginepywl hwdwp pGarclbng
0,tpk x=y
(x,y )=
plxy) 1, ipk x=y

hunwlwlp dbiphliwlywa nwpudnpinlh, npp Ungdned k «ﬂhhntuwg-
Ywd» litinbph tnwpwsnipynLl:
2. bpb R'-ny Opwlwlblp pnpnp ppwlwh putph pwqdnp)ntip,

npwnbin
p(x, y)=—H,

www wil Gywgioh SGnphlulju @ mwpudnigni:
3. n phpwhwG pdbph Yupgudnpiwé x = (x4,X,,..x,) pugqont-

pynLlip, nnnbn
P(x,y)aff;(yrxk)z .
b=

bwrwowglh dhnpplulwl wwpwdmpmb L Yunsdh R" » fwthwﬁh
pywpwiwlwi Shwnphywliwl wwnpwénipni:
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4. bpb lwhmpy r pdbph Yupgudeplwd  pwqdmpwb Gk
dtipgliblip

2 :E |xk _ykl'

wuw unwgyud dhinphbwlwh nmwpwénpnilp YaawlwlbGp Ry -ny:

5. bpli Gy’ Yuwpgwynpywé pwgqineyub 6ky yepglblp
p(x.y )J=maxly,—x].

www wyb Gnylyby wnwowglh dtephluwi nwpwénepiml, npp
YGwhwlkbp R -ny:

6. [@.,b] hwwndwénld npnzdwd pnpnp whplnhwin $rcGlghwbbinh
pwgqinp)wb dbe Ybpglbing

p(f.g)=maxle(t)~f (1)

JuinwlwGp dGwnphluliud nwpudnpymd, npp YGwGwystp Cla,b]-
n: Uwulwdop nbwpnud, bpp [a,.5] = [0,1], wuyw wwpwénpnGp
4Gwhwykbp C-nd’ C[0, 1]-h dinfuwpbt:
Apinnnnipyne G 3Gnmpywdp qupkh t hwingub, np 1-6 waspwdne-
pinLGabnh dke p(x,y) Iniblighwl (htinwdnpapnibp) puwpwpnud
1-3 wpupnslbnh0 { A.H.Koamoropos, C.B.Qomun, crp. 49-51):
Vwhdwlnme: hgnip A-G L B-0 tpynt ng nunwply YnwhG puqdne-
pInLGo6p 60: A L B pwqdnupniGhbph hrwdnmmipynd wGdwakip A L
B pwqdnipnbatph henwdnpnepntGGiph Sz2anhn unnphl Gqpp b

YGwlwlbGp o 4, B )=inf {p(x,y )} (xed, yeB):

Mupg t mn p(4,B) Ohan  qmmpmG  nlGh Lo np
p{A By=p( B, 4)20: bpk 4 L B pwqinpniGlbpp hwwdnd 66, wuw
p(4,B)=0, pwg hwlwnwl wlnmip Shpin gt Ophlwy, tph A=(-
1.0), B=(0,1), wiugw p(A4,8)=0, puyg A-B=0 (hunm. L0):
Yrnngnipnil: xo bW E puqinegub yhinbkph hinunjnpnipynilp Qunbith
t vwhiwlb] npubu {x,} ObY wwppny pwgdnipjuwb b £ puqinip)wi
htnwdnpnupnul:
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Bbapbd 41: Thgnp 4-0 L B-G bpym dwl, pwig ny nunwnpl
pwqinppnblbn b0, wilwbu, np Gpubghg gnOb Ubkp swhiwGwhwly t:
Wn ntwpmd qnnipnid mObG w)bwhuh x,€4, y,€8 Ytnbkp, nn

P(%q, Yo )=pP(A,B):

Uupwgneyg: Grgphin unnphl Gigph uwhdwGnuthg htionbnud £, np -
puwilignep z pOwlwl pyh hwdwp gryepyoid niGld bpune x,€4, y,€B

LGunbn wyliwyhuho, np
1
p(A.B)S]xn—yﬂ|<p(A,B)+;: (M
Ul Ghpwnptlp, np A-G vwhiwbwihwly puginuggnl £ U ntw-
prud uwhdwGwhwly YhGh Owd {x,} hwonpnwlwGnipniGp L Pnjguwin-

Jdbjtippnpwuh plinpkihg Gpwlhg Yupnn blp wrwidbwglty gniguidbin
xm,xnz,xna,...bﬁpwhwgnnnmuwﬁmpjnt[i
klirzzm X, =X
A pwqdnpywl thwlnuppuG 2lnphd, x,€4:
Thuinwpybp {yﬂk} hweapnulwbmpymbGp L gnyg wwlp, np w)l
Gnuliwybiv swhiwGwdwl £
Gphb [x”kf<c, W

<,

hGtnknud E, np {y”ﬁ} hwenpriuuljwlinignLlp vwhdwGwdrwl b e dbnlw-

Vn +b’,, ~x, [<c+p( A,B)+-1“—<-C+p( AB}+1, npntnhg b
L] % 3 nk

pwp pun Pnpguwin-dtitpznpwuh phinpldp Opwdlhg Lwpnn B0p wawhé-
Guwglb] gnigudbwn GipuhwenpmuyubnipnlG
yrxk1’yn*! ,y"*:!"“’{i'gyﬂ*i :yﬂ
L B puquinipjwG thwympjwh 20nphhd y,€8
Upuughuny ymGkGwGp
- M )

npwn&nhg b knbned | pinpiih wwywgnygp:
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YWunngatpymb: Snyg nubp, nn A L B pwqinupnGlbphg GkLp thw-
Unipjwl fwd uwhdwbwhudnippub fiwhondwi nbwpred pbnpbidp Yynw-
nunh hawn thltynig:

1
Ahgnip N={n} L M= n-l—2—}: Wu bplne paqdniginullbpp thwl
H

kG (N'=M'=D), puyg pwGh np N-M=, www hGupwnp st Gk
%EN, y,eM ynp wilwhuhp, mn p{xy, ¥,)=0: Muwnq t Gul, np bpk

A L B puqunigniGlbphg qnfit dbyp pug t, ptinpbdp, GeyGwbu Shown

sk, tipb nhwnwpybGp, ophGwl 4 = [1,2), B = [3,5] pwqinpjnGObpp,
npntin (A4, B)=1:
Junbwip 1. bph A-G L B-G el G, Gpwhghg gnib Ghyp vwhdwlw-
thwyt b o(4,B)=0, www A-6 L B-G hunnynd ba:
FbwnbwGp 2: thgmp xe-0 Yuowjwlwb Y b, puy F-p ny numunl
thwy pwgdnipynil: Un nbwpnd 3 x,€F | nph hwiwn

P (x5, x)=p{x,, F):
inlunlp 3: Gpb x¢ Ybwp L F thwl puginipinbp wylwhuhG GG, np
p(xy, F)=0, wuww x,&F :
Rhnptid 4.2: Gpb A \hwl pwginpmbp nuwnwnly st b vwpptipdoed £ 2
hpwlwh pdtiph puwgdnipinihg, wuw w6 howpwynp st {hGh pug:
Uwwgntyg: Wanp A#2S, A#Z, A-0 Wipwy t L pwg b Wn nbwpnud
anuyOp YehGh Owl B=CA (pwgnudip: Thgnip D hwndwép wwpmbwlyned
t A-0 b B-G LpwlwibGp x-nd L y-nd wib Ybnbpp, npnGg bwdwp
x€AD, y=BD, lx—y=p(4-D,B-D)=d : Lywluwytlp 2z=x+y: Un
nowpnd zeDD L huwnbwpwp ze4A D Ywid zeB-D: Glpwnpklp, opp-
Gwl, ze4-D, wmn ntwpmd d=p(AD, B-D)Slz—ﬂ}g. npp hGupwinn

sk, pwlh np d>0:
LEdF 4.1 Nhgnip A-G ng nuanwinly YswnmwghG pwqsnpnib kb 4>0:
L2wlwltOp

B=Z{p(x, A)<d)={xeZ, p(x, A )<d}
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win nbwpntl AcB L B-0 pwg pwqdinupnib t:
Uyurgnyg: AcB puwfih np A=Z{p(x, A)=0<d): 8nyg wwlp, np B-
Gpugt:
Thgnip x,€8: U ntiwpnid p(x,, A)<d U htnbwpwp 3 x,€4, np
Py )<d:
Lawbuwlblp d—p(x,, %)=k L gnug wwlp, np pro—h, xo+h| hwindwénp
pOLwé b B-h obg: dbnghblp V velxp—h, xo+h: Un nbwpnd f-xo/<h
L pwbh np pro—x4| = d—h, www

[y-x\y~x [ Haxy—xj<h+f d-h )=d :

Mpksa p(v,x,)<d . npintinhg Yy p(», A)<d , w)bwbu np yeB,

npintinhg b [xo—Ah,xo+A] S B, wjuhbpl' xo-0 Ghpphl Yt b L hbnbw-
puip B-0 pwg pwqinupynil t:
Lbdd 4.2: Nhgnp A4-p b App tiphne ny nunwpl pwqinipyntlibp LG
wibwybu, np

p (4, 4,)=r>0:

LywlwbkGp »5’1:2{,(3(){,AJ-(-Z—}I 82=Z'(P(x’A2)<%}
U nbwpnid BB, =2

Uapwgnyyg: Glpwnpblp hwlwnwyp™ B.B,=C L nhgmp ZeB,-B,: Ujn
nbwpnid

PZ.4)<5. P2 4)<
L Yowlyslh x4, L x,ed, Yanbp wyluyhuhl, np ’Z—x1|<%,

]Z—x2|<%, npinbnhg |x1-—x2]<r L wpul) Lu p(A,,Aﬂ)<r, npp

pymnhdwignipynil b NpbdG® B, B,=3
Bhnphd 4.3: (Pwdwibihntppul hunnlinugymG): Shgmp Fy W Fa hpwp
hGtn ghwndgnn ng nwmwnly thwl vwhiwGwhwy pugonupnibbn 5G: Wn
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nhuwpnd gmjnupyntt mGbE Gpyne Gy W Gz pug puwqinepntlitn

uylwhuht, np
GDF, G,oF, G-G=2:

Ugpwgnerg: Cun 4.1 phinpbd 1-h hEwbauwlGp p(E,F2)=r>0: bEph Grw-

twlklp G,=Z [p(x,}«:)<%), Gg=2[p(x,Fz)<~;-] L Lhpwnkip 1 4 2

(liddwbbpp YunwlwGp peapbidh wuwwgnygp:

Swinl k£ 026, np Gpyne pugdmpinlGGEpk hwlmpnubp fwiwd E, npp
yhtnlh hbinbgun ophGwlGbphg' 4A=[0,1), B=[1.2]:

§ 5. PUS td ©UL ULRVULUSUY APUUNTFRISAFLLEND YURNFSYUSLD

Uwhiwlined: Yhgne G-0 pwg pwqineymG t: Gpb (a,b) Showluw)pp
piywé £t G-h dbe, pwjg Gpw dwynubbubpp ugn pwqdnippubp s60
wwnluwilnud

(a,b)cG, aeG, beG,
www wyn Shewyuwpp Ywijwiblp G pwqinppul pwnlwgnighs
hiwnbipdw):
Bhnptd 5.1: bpbk G-0 hwinhuwlnd £ puug uwhdwiwdiul ng nunwply
rwgineg)ntd, www Opw Jnpupwisnap Yen wwnlwGnd t Gpw npld
pwnlwgnighs hiunbpyuw ho:
Unpigniyg: hgnip x,€G : Lawbwybklp F={xy,+0J-CG: [x,,+0] U
CG pwqinip)nGibiphg ppipupwhgnpp thwl b, hbwnbivpwn thwl GihGh
fwb F-p: Upnio Yendpg, pwéh np G-0 uwhiwlwthwl b, wwpw F-p
nuanwply st b depowwbu, F pwgineppul ns &h U xo-hg dwhu pllpwd
st, wubp b pb F pwgdnipnilp dwiuhg uwhiwGwhwl £ Wn ntigpmd F
pwagldnpiniip wwpniOwlnud | wiblwdwhe & Ltwnp L wwpg E, np
H2xy: Puyg x,€G b htanbwpwp x,€F, w)lwbu np x,#4 , npintinhg

bL xp<pi:
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Lptilp Guwb, np weG (pwlh np wueFCCG): Updd gnuyg twlg, np
[ %5, 1] <G : bph thpumnblip, np nw wbnh snulh, www wbnp b quningh

w)lwhuh y, np yelxy, p2f, yelG, npubinhg b Ypiuh, np yef, yeu
npp Ghwiwuh 2 Ybnp pGuopneeywbp:

Upughumy™ gnyg Blp wdty 22 Ytanp gnnmipjnilp, npp pwdwpwnmd €
hbntyw| Bpbip wwjdwGGEpho*

1) w>xy;2) peG;3) [x,ujcG:

Lnyh &by uapnn G0p wupugnigt], np 3 A4, npp pwdwpwpnud £

1) A<x:2) A2G;3) (A, x,]cG:

Wuinbinhg htinknud £, np {4, &) -6 hwinhuwlnd £ G pwgdnipjwl
pwrbwgnighs howmtpdwp, app wwpodbwynd t xe Yeop, npp b
wuthwbgynud bp wwuigmghy:

Btnpkd 5.2: tpti (4, 4)-0 L {o,7)-0 thubnyt G pwg pwqdnipyw
pwnluwgnghs hawnbpdwiGbnl 66, www Gpwip Gwd Gnylupwp huss-
plyGnud &G, Yued hetndwl Yoo snuGEO:

Uupwgnyg: Glpwnpllip x Ytng plnhwlnp t (4, 4) L (o,7) punlw-
gnighs hounbpgw) Gbnh hwiwn: A<x<g, o<x<7:

Glpwnpbibp 7<u: Um nbwpendd, wwpg b, np 7€(A, 1), pugg nw
wlhGwp t, pwih ap (2, £)cG, 72G: Inbwpwp g<r:

Pujjg pwﬁh' np 4 L 7 Ubwnbkpp hudwuwpwgnp GG, wuwgw Gyl nw-
wnnnipgnilGhpny uinwbiwbpe <4 L hbinlaipwp r=g:

Loy duny wwwgnigdmo £, np o=A4, npuntinhg k hbinbned &, nn
(4, 4) L (o,7) hhnbpwiGbpp hudpOylmd GG:

IbinbwiGe: Ny nuanwply G pwg uwhiwiwthwl pwqinpjub pumiugn-
ghs hlunbmjw Gbnh pwquinipnibp ng with pwl hwaybih &

bpnp, bphk hGunbpduyliGnhg jnipwpwlyniphg pOwpblp Ghlrelwb
nwghn(wy YEnep, www pwnluwgneghs hlGunbpguGbph pwgingnubp
thnfwihwpdtp hwiwwwwwuhabnpiwt oke Ygnldh pninp B nwghn-
Gwi pybpp pwqimp)wl uh Gwuh hbwn:

Wu pnnp nunnenegymbGOibnp Jupbih t 0 dlabtipub  hbinlgug

pbanpbdh nbupny;
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Rhnptid 5.3: 3ntpwpwGsnip ng nunwnl, pwg vwhdwbihuwly G pug-
dnepyntl Ywpnn Blp GEpYwjwgll) dlippwijnp pdny Yud hwadbih pwg-
dnipjuwiip hpwp hbwn shwwrdnn hGunbpdu beph qnudwph nbupnd, npnig
SuypulBwtipp s60 wwwwbnd G-hG

ng (4 4). (426 12G):

Ghatn | Gwl hwhwewlyn® YudwjwlioG puqingg)nuG, npp Gtiphujwg-
ynud ¢ hGinbnduwy EHiph gmudwph wkupnyg’ pwg Lt
Beapkd 5.4: Mhgnip G-0 ng nuunwpl, pwg uwhiwGwhwl pugdne-
pincl L, huly (@,5)-0 phinbipdeug b, npo wwnnuGwldnud & G-h deg: U
nbiwpmd G-h pwnlwgmghs hGnbpdw Gapk 6hp qnynepinl nulh dklp,
npp hp 86y wwpnibwynd k (a,b)-6:
Uapignyyg: “hgmp x,efa,b): Un nbupnd x,€G L htnluwpup,

annpnil mbh G-h pwnlwgnighs hlinbpw), nn xoef 4, 1)

Gpb kGpwnnklp, np 4<b, wuw Yunwlwlp pefa,b), npp hiw-
pwdnp st, pwlh np A2G L htnbwpwp b<g: LnyG dlny Gupnn bap
gnijg tnwy, np A<a b htinbwpwn (a,6)=(4, #), npp L wwhwOgm tn
wiwjwgnighiy:

thgmp F-p thwl uwhiwGuihwly pwgdmpmi £t L S-p Fp

pngplnn Ghihdw) hundwép: bGswbu ghwklp, CsF-p pwg puugine-
pinch t L Bpb wyl nwuwwpl gt wwgw wb hpbGhg OGEntjuguwglnug L
(ptinnbid 5.3} Ubnpwynp, Ywd hwpybih puny pwnbwgnighs hGutipwi-
fikph qnudwp, hlnbwpap inking ntGh hbuibgwg pbnpbdp:
Bbopkd 5.5 Ny nuinwply thwl vwhiwlwipwy F puqintpplp Yud
huwGnhuwOnud £ hundué Lwd hwGnhuwndd € oplt hwndwshg hbnwg-
Gbny dbpguynp Ywd hwdbih pwqinpjwdp hpwp o shwndnn hwn-
yustibp, npnlig dwypwltintipp wuwwnbwGnud GG F-hi:

Ghyun b Owl hwlwewly winnuip® Gwiwjuwb pwgdnpincd, npp
hptlipg ObpYwjwglnid b hwywehg hrwgbbny hpwp hbin ghundnn
ybppwnp pym] Ywd hwaybih pwqimejwdp hGnbpdw Gap™ hwy pug-
drpinc k;

LphiGp, np Cof pugqinipywl punbugnighs hGunbpguiGhnp Gnsynud
GG F puwqinipjul « pwgnighs hGunbngwiGen»:
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Ewlp np Juwwpuw] pwadnpnubbbppy hwly B0, wopw Gpw Ypw
Onyfiwbu mwpwddnud t 5.5 peinpiop: UGnud & wpupgby, pt hily wauhwGy-
Gbp wtwnp Eapd6G hwl pwqimpub <|nwgnighs hlnbpgwiGtinh» dow,
np w)h nwelw unwpug, sph wwnwupsewlp Yupdh hBwlyw piinpbidh
dhongmy:

BEnpkd 5.6: thanp F-p ng nuitwpl thwl vwhidwlwdgwl puginpnd
t, huy §=[a,b]-0 F-p plngpynn dhihbw) hwndwép:
Usn nbwypmed’
1. xo-Ytinp, npp pOnhwlnip dGwynwlbtn  F-h Bpyne hGunbpdw Geph
huwdwyp, hwhnhuwonud £ 7-h obynuwgywé Yew:
2. bpk a (Ywi b) Yowp F-h pwgnighs hlntpduih duypwlbn b, wugw
w)0 hwlnhuwGn £ F-h gbymuwglwé Ybn:
3. Pwgh YtipnGzw), Yhwtiphg, £ pwqdnepynlp wy) Syniuwgwé Yewntp
snLGh:
Uapergnipg: 1 L 2 wyuhwlelliph hwunwnnuip wlhlhw)in £, pwbh np
Opwd dwypuiibnbph Ywiwjwlwh zppwbwipnid gnnupjnul snlED wyy
Ytitnkip F pwqdnipniGhg hptGghg ptugh: 8nyg wwGp 3-h wwwgnygp:
fthgnip xp-0 F-h nplt dGhniuwgdwé Yhn b Lwiu GGpwnpbip
a<xy<b: Ulnunwgywdé Yhnh uwhdwbnuihg htinbinud £, np gnynupndh
nLlh xo-G wuwpaGuynn (a,8) Showlwip, npubin xe-hg pugh sl w)y
Ytwntip F pwqdncpinikhg, pbn npnud {a B)c{a.b): Puyg wyn nbupnd
(x0,8) Chowlpupn sh wwpnlGwyntd Ybwbp F-hg & hbnbwpwp
(x08)cCsF puwn 5.4 ptinpbith 3 {A,4) F-h jnwgmaghs hlwnbipdwy wyb-
whuhG, op (xe,B)c(4.u): Bpli A<xq, ww xo& F, htinbwpwn whhpuw-
ghain t, np AZxe Pwjg gmu Ynndhg A>xe-h  hwlwnpygmd b
(xo ) (A1) wuylwGhe: Nupbish 2=xy, wjuplpl® xo-6 hwGnhuwGnu
L F-h nput pugmghs hGinbpgwip dwh duypultnp: Lnyl aling
bwwywgmgyh, np xo-0 hwlinhuwGnud t F-h nplt (pwgnighs hGinbpdwih
we dwypwlbng, npintbnhg b hEwnbnud E phnpldh wwwgnugp: uwwgnig-
YJuwd phnpkidhg hinbndd £, np.
RBhapbd 5.7 Ywtwpslwd P ng quuinwipl Ywurwppuw pugqinepgacd, Yuod
hwuwtjwe b, Yud unwgynid t hwanjuibhg nGh Gtnbpnd yepewidnn piind,
Lwd hwydblh pwginipjuudp hpwp hbn shwednn hOwnbpduialtp, npnig
smGbl pOnhwhnep Ybnbp ng hpwp hbn, ns b phuowpldnn hwindwéh
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htw: Ghann b Gwh hwiwewl winnedp, Ywiwpwlwl puqdmpsnl, npg
fwrenigywé £ Gdwl dhnd, Yunnwipju &

UwhGinnph Go L Py pwqinpynibGbipp: U=[0,1] hunndwép 1/3 L 2/3
Ybinbpnd pwdwGkGp bpkp hwywuwp Swubpp k Opwihg hbrwglbbp
(1/3, 2/3) dhewlwypp: UGwgwes [0, 1/3] L [2/3, 1] hwundweétbpp (wnw-
phGp' 1/9, 2/9, tnypnpnp’ 7/8, 8/9 Ykunbpny) Onphg puwdwlbip tpbp
hunjuwiuwp dwebph L Gpwighg wnwGalugbbGp dpghl dhewlwypp L win
uypngbiup whybny 2wnpLiwlbip:

UpryniGpnud [0,1] hunduwdhg whowundmad k
G=(1/3, 23)+[ (119, 2/9)+(7/9, 8/9) ] +...
pug puqinegimlp, npp ppbGhg Glipluywghnud t hwadbth pund dhow-
Uwyptiph dhwdnpnud:

5.7 phinpbishg htwnbnld £, np wprynGpned dlwgwd Po-B hwinhuw-
Grcd £ Lpowwpjw) pugdncgncl:

*Gg b Pp pwglnpynuGatpn o 66 YwGunpwh pwgqinpinuiGhbn
wiOdwlnudp:
Tk Gp: Ynlinnph Py funwpjwy puqinupinibp nbh ¢ hgnpnepynd:
bpnp, tiph PG Geplhuywgltlp bpymuwlwd hwdwhwpgnud

F={0.a1.0,a;,.5. a;F{gv

www wjb widpywwbu Bhbinkh 4.8 phnptidhg: Lyl dlnd Ywpnn Bip
gnuyg wnwl, np wn hwanlnppulip odwnjwd Ll pnpnp ng nunwph
Yuwnwmuw] pwqimpmilGbpp, wobp ¢ pt Jwiwjwywh ng nunwply P

Ywnwnjwy puqdnipinil nlih ¢ hanpnignih (P:c) :

§ 6. UNFSULYUUL UES: ©UY PUQUNHO3UL I2NPNHO3NFLE

Uwhdwlingd: xq Ubinp E pwalinpyul hwiwp Ynsynod b ynonwydwi
Ytin, Bpb wyn Yhnp wwpmbwyng uiswpulput (a,b) dhpwluw)p wuw-
pneBwynud t E pwqinipwip wwinlwinn wohwydbih pwqunipjudp
LGk

Twnpg &, np aplt pwgdnpwbd Ynunwldwh Ytng bwinhuwGnud t
Guils uyn pwqdnupjwl hwdwp vwhiwlughG Yewn:
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Bhnpkd 6.1: (ELpOnbpnd)tet £ pwqinipjul Ytwnbinhg nplt Gtlp
Yaumuyow Yo st, wgw E puqinupnilp ng wybh pwl hupgbh t
Uupugniyg: (v, R) Ghpwlyw)pp widwibGp «Yuwhnbudnp», bpt 1) Opw
r bW R Swnuibnbpp nwghnfuw| kG, 2) wjn dhpwlwpnid gnjnipjnil
nObG Shwyl hwadbih pdnd Yhnbp £ pwqonigymbhg: UhGhw)n £, np
gmntpnil nlGbG dhuyl hwzgblh pwqingpuip «fulinbuwdnp» dhow-
Luaypbp, pwlh np plnhwlnwwbu gnynipnll niGEG Shuwil hwzgkih pdnyd
(r,R) nwghnlus, qnugtip:

8niyg twbp, np E pwgqinuppwb jncpwpwbignip Yhn (E+#D) wwn-
GuwGnid E nplt «QuGnGwdnns dhewluyph: hanp, nhgnip x € £: Rwhh nn
x-p E-h ynonwldwG Yt sk, wugw 3 ugn Yeop wwpniGwnn (a,b)
Showhw)p wylwhuehl, np w)l wwambwynd t shuys £ puginigwh
hwoubith puny Ltwbp: Gpb JbpgOtiop » L R nwghnGuy YhinGp wjk-
whuhG, np a<r<x<f<bh, wwyw (r,R)-p YthGh «yuOnGuninp» dhow-
Guyp, hpp wwnmOwynd b x-p: Wuintnhg k| Gplnud £ «nughn» huindwo-
Ghph gnynupjw( thwunp;

JwlwpwwkGp papnn d4,02,04,... «qubnlufnp» dhpwlw)ptn:

Uwwgnigywd Yepnipjwp wewpwnpubphg hbwlndd £, np

E=Y E5, ,
k=1

npp hpbGhg Ghpbuwywglnud b hwaGlh pwaimprudp hwzdth pwgone-
pinLGlph gnudwn, npp b YLhGh hwzibih:
Iwbwbe 1: 6pb E puqiinipjnilp wlhwzdbiph §, wayw wyn pwqdnpjwl
hwiwp gnpnuenil nulh gt okl ppb0 wwenlwbnn Ynumuydwh ybn:
L2jwd howmbwilpp Pniguwln-dbbzinnpwup pbnpbdph Ghwbwll
npwntin uwhdwlughl bsnh hinfuwpba pGGRuplYms £ Unuinwlowh yknp
qnnip g
Jhinbawfe 2; Yhgnip E-G GwnwphG pwqdntpyned £, hul P-0 E-h pnipp
ummwumuﬁ Ybwntph pwadntgnibp: Un nbwpms £—P pwqgdnipyntlp ng
wutih pwl hwzdi b b
bpnp, E—P-h n; Gh Yt E-p hwdwn Ynunwyowd Yo (hGe gh
Lwpnn L winwb) by YncewlowG Yo sk £-P-p hwdwp:
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I5wnbwbp 3. Yhgnip E-G wilhw b puqingynib £, huly P-G E-h papnp
YninwipiwG Yhnbph puqdnipymlp: Uin nbwpnl £—P puqinejnilp
whhwydbp b

bpnp, EP = E-(E-P), npunbinhg b bplnud b Gpuw wikwyytihac-
pintlp (phinptid 3.10):
Btnptid 6.2. Yhgnip E-0 wlhwybih pwqdnipnid b Un nbypmd E-h
papan Ynunwldwh Yawntiph P pugdniggnilp Yunwpgwy, L
Uapwgnyyg: Lwh gnuyg nwlp, np P-G thwl pwqdnpnil t Hhgnip x-0
P-h nplt vwhdwGwpl Yo & L (@,5)-6 xo-0 wwpnibwlen nplt
dppwluw;p: Upnbin 3 qnib dby z Yhin P-hg: Puwyg, wn nbwpntd (a,b)
Showlwipp npwtu £ pwqinppul Ymuwdwd Yhvp wiwpnuGulynn
ghowliwip wwpnbwhnd £ wlhwyybih puginippudp Lhnbp E-pg:
Puwlh np (@,5) xo-& wuwpnilwlyon Yuidwjulwd Showbugp £, wuw xq-G
E-h hnunwlyowG Ybun t L htinbwpuip xq€ P, L P-0 thul &

-Ulnud £ hwdngdby, np P-G deynwuwgdwé Lbnbp sniGh: hgmp
xeP U (a.b) x¢-0 wwpnilwynn dhowlwp b Un ntwpned
@=E(a,b)-t whhwaytip t L htwluupwn 3 htanlwlphg hbnbnud b, ap
Q-0 wwpniiwynid £ wlhwdbyh puwgimpjwip Yaunwypiwh Yentp O-
hg: Pujg Qc £ U htwtlaupwn O-h popnp YnunwliwG Ybnbpp Ynuowl-
dwh Yanbp YhGEG Gwilc £-h hwdwp, wylybu np Q-G wwpnGwlnud
{htwlwpwn b (a,b)-0) wihwadbh pwginpwdp Ysnkp P-hg:

Wuwhund, xe-0 wwpnllwynn Gudwpulwd dhowliugp wwpnubiw-
Und t wihwzdbh pwgdnippudp Ybinkp P-hg, npintinhg £ bbb t,
npxoe P’ L plinpbip wupwanugybg:

Bb&npbd 8.3: (2. Ywlinnp-tu.PEGnhlunh): Sncmwwpwsnn F wlhwbh
thwy pwqineg)nl wpbih ¢t GEplwiwghhg

F=P+D
ttupny, npnbin P-0 Guwrnwmwy, huly D-0 ng wybith pwG hwadbh pwa-
GintpnLGObip LG: '
Uuprgnipg: Gpb P-G F-p prpnp yninwldwG Yonbiph puqinigjm o t,
wui PCF L D=F-P-0 ng wytih pwl hwadbth b
Fbwnrbw bp: Ubhwadbih thwity pwqinpniGp nuih ¢ hgnpnupyni:
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linhpObip L qupdnupyntiltn

1. bpt f{x)-p [e,b]-md nprpfwé whplnhwwn dnibhghw t wuw
1 Axefa.b], f(x)2C}-p by pugdnpnib bV C-h hwiwp:

7. Bnpuwpwlynip thwl pwqunipyntl Ywpbh £ Obplhwjwglbip hwaygklh
puny pwg pwgiinepyneGlbph hwindwb nbupny:

3. Uwumgnighl, np (@,b) Shewlwypp sh Guntih Ghplwjwglti hpwn
htwn shwwndnn hwpdbth eund hwl puqinignbGbiph gnudwph nibupny:
4. [0,1)-p GhpYwywgGty hpwp htin shwidng C Juowpwy puqone-
pincGlitph gnidwph inbupny:

5 Uwwgnegty, np [0,1]-h papnp prwghnGw Ytntph pwqdnupnibip gh
lpwnbh Gephuywght hwdtlh pdny thwl puqdnpyniGltph gnidwph
nbupny:

6. [0,1]-nud Qunmgty f(x) $nilyghw, npp hwnynn b jnpupwbgnip
nwghnfiwg b wOplnhwn' JauwpwGgnip hpwghnbwy Yenmd Chwiw-
awlp hGupwdnp st):

7. bpt [a,b]-h dpw npnadwé f(x)-p wibwhuhG t, np Z( f(x)2C L
ZoA f(x)SC-pp V C-h hwiwp thwl 506, www f{x)-p whplnhwn t:

8. bpb £-h hwiwp m hGunbnguwybbiph puginipnulp dwalngp £, wyw
3 m hwybh tOpwéwdynyp (ELhankynd):

9. Snug wwy, np Ywiwpwlwh pwgtnpiwh Ghnphlt YEwnkph pugim-
pjnLlp pwg L
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11T HNkk
UPLLL PURUARPSNRLLED

§ 1. PUS UURUULUOUY PU2UNHASUL UL

Ppwlwl dmginfuwiw drubighulbnh nbunppul gy dbd nbp t
Yuinwpnid Yewnwph pusqinipywl swibp, app pGnhwlpwabnud t Show-
Gwyph Gphwpnpywd, nupnutlywi dwibpbup, qniquhbawbhuinh dw-
duwih qwnuiwpibpp L wnb: Wu quiuncd Yuwip ULbpkigh mbunpjub
hwdwrenn wpwnnuipp qdwihG wwhtwiwhwl WinwihG puqing)nui-
likph YGpwipbpju:

Vwhdwlmd: (a,b) Shewhwph swih uwi]wOklp Gpw bSpywpnenubn
(b—~a)-0 L Ygptibp m(a,b)=b—a:

UhGhuywn k, np m(a,b)>0:

Lbdd 1.1: Gpli 4 hnbpdwin hp ok wwpnbwynud £ Jbpewdnp pdny
hpwp htn shunndnn d4,934,...,8,, hGinbpdwGbn, www

Eﬂzn‘h:"ijt <mA:
k=1

Uupurgnyg: Wgmp A=(A,B), dx={ay.by) {k=1.2,3,..,n):

UnwoOg plnhwGpnepnelp fiwfuinbyne Ywpbith t 6Gpwnptt, np d; hGwnbp-

JuiGtipp hwiwpwywywsd 66 dwh suppwibinbph wddwl Jupgny'

@1€82<... <Ay’

Un nbwpnid wylhwyn ¥, np bi<a, (k=1.2,3,...,n—1), hwhwnul

nbiwpnl dx, O+ hOWbndwGEpp Yhwndkb: bpb Owlwlbip
Q=(a\—A4) + (@b} + ... + (an~by-1) + (B-by)

wyihugn b, np @20: Mug b, np mA=), mé,+0>y md, , npunbnhg by
= k=1

hGwbwd b pbinphdp wuwwgngp:
Fbwnbw e Gpb 4-0 wwpntbwlynud £ bwbih pwqinupjwdp hpwp hbn
shwwnnn 8 {k=1,2,3,...,n) hanbpyw) Ghp, wupw
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i mé, <mA
&=l

LYuwjwhwl npuwlwd wiguithpnd 2wpph gnuwpp, bpb nwpw-
dbwn b hwijwown t 400, huy gnigudhunnpyut nbwpnd Yniiptw phy k:
Oponwpldnn 2wpph r-pp dwubwyh gnudwpbbpp Ywowjwiwd #-h
hwdwp yoplhg uwhdwlwgwly t md-n| k hbinkwpwnp gnigwidbn €,

npunbinhg by )" md, <mA:
k=1

Vwhdwanud: G ng nuanwply pwg uwhiwGugwl pwgimpjwl sunh
YuGywobOp Gpw pognp 0 pwnlugnighs hGnbipdw) Gsph Gplupnupnu-
Gtinh gqrudwpp’
mG=Y mé,
k

npuntin G-h painp puinywgnighs hGunbndwiGspp Ywpon &6 (hGky dbp-
pwynn Qwd hwaybih L hhnLwpwp gnudwph viwly hwulugynd ¢

im’é} beud imé} :
k=1 k=1

Lhnpr htitnlawGphg hbinbowd £, np
mG<+au:
teb G pwqdnepinilp nuwnwpl b wyw pun uwhdwlswh Yplnne-
OkGp m G=0,wyliybu np wikGnupkp m G20
bpb 4-0 G-0 wwpniiwynn nplt hGunbpguy b, wwyw mG<m4, npp
tiplinud £ dEpnlizpwg htinLwiphg:
OppGwly: hawpysGp Ywhnnph Go pwqinipiniGp, npp unwgyned &
1/3 Bplwpnipjwip, wyGnihbnl Gphnt bwen 1/9 Gplwpnppwdp, snpu
hwwm 1727 Gplwnnipjudp L wiyid hOntipdwGeph gruSwphg, nph
hEwlwGpny YnOEGwGp
mG, =l+—+——+. = ——
3 9 27 1-2/3
npwhbiu wiykne Gduqnn Gpyniwywl wypngnpbuhwGiph gnudwp:
Baapbd 1.1: dthgnip G-p b Gp Bpynt pwg uwhiwlwihwl pwgdni-
pincliliip 60 Gpb GG, , wyw mG1<m Gy
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qhgmp d; (i=1,2,3,...) L4 (£k=1,2,3,...,n) hwdwupunwuiuwGuw-
pp Go-h k Go-h punyuignighs hGunbpduGbp 56 3wdwdwb 5.4 phin-
phith 8; pOGwnbpdwilbnhg inpupwbynapp Quwpnlbwldh 6L b ShugG
Aw-h oG

{6;} honbpjwiGbpp Ywpnn GGe wpnhbp hpwp hbn shwnnen
Ay, 43,45, ... G0pwpwglinpnldGEph wjbwtiv, ap 6;-G wunnlwinud L
Ag~wyG nbypmd, Gpp §,c4,, nphg hiwn Yuipnn GGp qpbi”

mG=E m5 _z[ Y mé}]ﬂ?mdk =mG,

Scd,
wnbwlGp. G uwhiwbwhwy pwadnput swipp hwinhuwlns b G-
wwpntOwlynn pngpp pwg uwhiwlwdwy pwqinpnubbbiph  swihtph

Szahhtn utnnphl Gqpp:
@&npbd 1.2 bph G pwg vwhdwlunhwy pwqinpymbp hpeOpg Ghp-

Lwpuglnud t Jeppwdnp pyny, Ywi hwzdbh pwqdnigjudp ppwp hbio
shwingnn pwg pwqinigmOGsph gnidwn
G=2.G, (G, G,=2, k+k'),
k

wuw mG=3 mG, :
p

nnp Yngyned £ swihh iphd wnbndnepnb:
Uuptugnipg: Thgnip é‘f“ (i=1,2,3,...)n hwinhuwlnd bG G¢-h pun-

Gugnighs hGnbpuwGhpp: 8nyyg twlp, np Gpwbghg jipwpwlynp G-
h hwdwyn OnyGutiv hwlnhuwlned b punlwgneghs hnmbpywy:
bpnp, wlGhuwjn t, np 5{“CG Ubnd £ hwdngub, np 5(‘“ -h

Swynultntpp 356 wwwnhwine G-hi: GhpwnphGe hubwewyp 5%/ -h

we swypwlybinp’ #-6 wwinlwnud t G-ho: Uyn nbivpmd -0 Yuuinywbh
npkk G, -b: Mwpa t, np &'k, pwlh np g, eG,: Puyg pwbh np G,.-G

pwg b, wuw ped¥’ (57 -p Gy-h nplt punluignighs hGwbnduwy 1),
npp bp hepphG Gopwnpnid £, op &0 L 87/ -p howbnywGipg
huwwnynud GG, npp hwlwend t G, -G, =2 wwydwGhe:
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Wuuhuny  npwpwiGggnip é}”"-ﬁ hwinhuwing t G-h punlw-
gntghs hlwnbpdwy: Upme Ynndhg G-h jnupwpwlisinip W wunljw-
Gnud b nplit 8%/ -h L Jbipouaybin’ wyn pniap hGuinbpdwGlpg wwpptn &G,

npb b Gowlwyrmd t, np {4;} (i=1,2,3,...; k=1,2,3,...)np hwlnh-
uwbnt 60 G pwqdnipywl prinp punljugnighs hGubnywiGhpp, npunk-
nhg b uinpnn tGp gnby.

mG=y m&"'=y (Z mé}”"):Z mG, ,
ik k i k

npl b wwhwGeynid tp wuywgnigh:
ThwnbaGe 1. bphk [P,Q] hwwnwép 6wohyyws t Ubnowgnp puny
(A. ¢ }hGwbindwGbph H hudwlungny, www O-P<Y m( A, u):

H

Thinbwlp 2: Whgmp 4 hhwbpdwip bwinhuwGnud £ deppwdnp Yud
hu2dbLh pwqtnigjunip pwg pwqbnegnilltinh qnudwp’

A=Z G, :
i

Ujn nbwprud’
mA<Y mG,
k

Plnpkd 1.3: tpt G pwg vwhiwlwhwy pwgingnbp hwbnhuwonud t
dippwinp bwd hwadbh  pwgimpjwicp G, puwg pwqﬂmpjmﬁﬂhnh
gmiwp G=3 G, , wyw mG<Y mG, :

k k

Uywgnyg: hgmp 4:-0 (i=1,2,3,.)n G pnnp pwnbwgnighs
hGantipuwy Gtp GG:
Wn nbwpnd mG=) mA4 :

Pujg” A4=4 g“ G,=>.(AG,), npibnhg ty 2 htnbwGghg
m45§ m (4"Gk )
L hbwnbwpwp’
) [z (4G, )]:; [z_ m(4-G, )]:; mG,
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fijpntn, hwah b welyt) w)i hwiguiwbpp, np AG, -pp hpwn b s6G
e (A4 =5, bpp # ) '

§ 2. oUY LU3UULUOUY pPURUNIHO3UL QUOL

Thgnup F-p ng quuwply gl owhdwGwghwl pwgdnipymil t L S-p
I"-p pOnaphnn Shohdwp bwndwdp: Wn nbwpnud, hGaybuy hwgnbh £
{ptinptid 3.5 I quniju} CsF-p pwg pwqinignil £ L htwnbkwpwp nlh
m[ CsF] npnawlh susth:

Ywhiwbned: F ng quunwply hwly cwhiwluhudy pwgdnpjul swih
Ywijwatlp mF = B—A-m[CsF] phup, npwnbn S=[4,B}-0 F-p
pangpynn dhihiwg hwnuwab L
OphlbwlGln:
1. F=[a,b]: Un ntwemi S=[a,b], CsF=G UL hbunbwpwp
mla,b]=b—a, wuhlpl hwwnjwsh swhp hwdwuewn b Gow Bplunne-
pjuwln:
2. F=[ay,by}+[agbo)+.. +[an by}, npwnbn [a;,b:1n[ar, b; } =3 (i#k):
Lwpnn GOp GOpwnpbl, np a1<a,<...<a, k ktnbwpwp’
) bk<ak+1 (k-_-1.2.3,---),

npwatinhg b htienbinud £, np

S={ab,], CsF=(byaz)+(bsas)+..+(Bp-1,an):
Lwpnn Llp qnby’

=1 n
mF=[b~a,]-) (a,.~b, )=2 (b~a,),
k=1 k=1

wjuhGpl® dbpouwdnp pynd hpwp hbwn shwnynng hwindwébbph gnudwph
swihp hwdwuwp twin bwandwsGhnh Spbwpnipnlbieph gnudwnhG:
1. thgnp F=Pe-0 Ywlbwmnpp unwnuy pwogdnugnllb b Uin nbuened’
S=[0,1] L CsF=Gy, nmnkinhg.
mP=mS—-mCsgF=1-1=0:
Uuhlpl® uwmwugwlp, np sOwwd Py pwqinippul hgnpnipyntlp
hwduirn £ e-h* Gpw guwthp hwdweiwn t0:
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Bhnpbd 2.1: F \huilj uwhiwGuihwl pugdnigjwb swdip ny puguuwiui
L:
Uupugnyg: Gph oqungtiOp Dwjunpn vwhiwGdwd GwlwyndGhphg,
wyw  wwpg L np CsFc(4.B) L 1.1 phnpbihg
m| CsF1€m(A,B)=B-A, npwntinhg’
mF=mS—-mCsF=(B—A)-m[ CsF]20:
L&dd. hgnp F thwl uwhdwGwihwl puqimpimG ' plhws A
Ghowlwpnid, wyn nhwpeniy’
mF=mA-m[C,F]:

Uwwignyg: CaF puigdnipinulp pug b L hbitbuupwn |Godp hdwuawn nuth:

Thgmp 4=(4,B), huy Fq pGngplnn  ohGhow)  hunnwop’
S=[a,b]:
Usn ntiwgpnud hbign t wbulbby, np C4F=Cy8+CoF, npinbin dwhu dwup
qnuiwnpbithGbinp 360 hwwndmd W pwg pugdnipynuGibp 66, hhinkwpwp
swthh wnhunhynipsniGhg (plinpbid 1.2) LhGh

m[CaFl=m{Cs8]+m[C,F],
puyg dynLe Ynndhg' CsS=(A4,a)+(5,8), npintnhg k'
m[CyS8]= (a-4)+(B~b),
L hGwbepup
m[CsS]=(B-A)~(b~a)=m[C,F],
nputtinhg b hbinbinud ©Gd0wsh wwwgniygn
(mF=(b—a)-m[C,F] = (B-A)-m[C4F]):
Bhapkd 2.2 9hgntp Fi-p b Frp bGplnt  uwhdwlwdguuy il
pwqinippm GOt GG bpb Fi1<F, www mF<m F:
Uupurgniyg: hgnip 4 hlinbpduy b wibwbiu, np Foc4: Un nbwpmy
CoF1D C4F, Lhanbwpwp m[ CaF J2m[ C4F,], npubinhg bt
mFE=mA—-m[CaF )< mAd—m[C 4 1F3]= mFs

Tanbwlp: F huwly vwhiwlwhwl pugdnippul swihp hwinhuwGnood
F+ obg dnGnn pninp hGwpwynp thwl puwqdnipalGiliph swihbph
Gzaphuwn YtphG bapp:
BEaptd 2.3: Mhgnp F 4 thwy puwqinpmnG b, huly G-0 pwg vwhdiwGw-
thwl puqlinpnmG: bpb FC G, wyw mF<mG:
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Uigniyg: Yhgnip 4-0 nplt hGnbpdwy b, npp wwpnilwyad © G-G:
bz ¢ inbubhy, np A=G+CyF, npintinhg k| 1.3 pbinpathg buunuGuip,
npmAs mG+m[C4F]:

Ujniu gnndhg puwn Gwiunpn | Eddwyh

mF=mA-m[CsF)<mG+m[CyF],
npinbnhg b mF<mG:
Bhnptd 2.4: G pwg uwhiwiwthwly puqintpjwi guhp hwinhuwOnud
G-h ik plngplifwé pnpnp hbwpuidnp gral puqingntliGbnh suiptinh
Szqphwn ybpht banp:
Uupwgnizg: Lwbunpy ponpldhg htwlnd &, np mG-0 hwinhuwlng t
FcG ¢hwl pwqinpjnblbph swihbph dbpht Ggp L wlhpwdbizn §
wwwgnighi, np winwhuh twl pwqinpinGlbnh swinp Yupbh b b
pwil hGwpualnp t drunbglity m G-hi:

hgnip (Ae,kx) (=1,2,3,...)-pp hwlnhuwbnid £ G-h punlugne-
gh hGnbndw(Gpp, wySybu np mG=§( )

Jdbpglblp Ve>0 L quilbkip pugulwlwswd 066 n w)Gwhuhl, np
i(,uk—zﬁ_pm(}%: Whnihbnl ¥ (k=1,2,3,...)h huwop quikGp
k=1
wyluhuh [ak,ﬁk] hunifwé, np [axBi] clhitie),
mla,, B pm( A, 1, )—— . (npw hwdwp pusdwluG t dtipglty wyliwh-

i] L Gpwlwlby ar=Lli+ie, Ba=ta+ne,

-4
uh, np 0<1r;r‘,‘<mi;{~‘£u
2 4n

%121[6‘&’18&]
k=
W nhwpnd wilhwin t, np Foc G, FpGhwlt b
mF, —Z(,{ifJk ak)>2()uk—»/1) >mG—g

k=
Pwhbh np £>0 Yudw)wijub zuuhml thnpn t, wwjw phnptitp www-

gnigiwso k:
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Rbnpad 2.5: F \hwl uwhdwlwthwy puqinipywld swipp hwywuwnp b F-
0 pGnaplpn popnp hGwpwenp pwg vwhiwbwthwy pwgdngniiGhph
swihtiph G2anhin wanphG Sqpp:

Uwargneyg: blgytu L dbiplndd, pwdwlwd b gnyg iy, np Gupbh E
bwemgbt F-p pnaplinn pwg vwhdwGwdiwy puginegmG wiGwbuy, nph
swihp hispwl hGwpwynp t dnwn |hGh mF-pi:

U Guwwinwyny depglktp F-p plngplnn 4 hGunbpdw) b nhuwp-
Ualp C4F pwg puqinpyntp: Ve>0 3P thwly puqinipnd (plinpkd
2.4) wyGwhuh, np P CoF umDP>m|[CyF]—¢:

Lawlwlylilip Go=C4@P, npp hpblhg Ghplwpughned b puig pruginip)ncd
L FCGQ:

Upna bmnidhg mGoe=mAd—-m @<mAd-m[C 4 Fl+e=mF+e, npink-
nhg b hbinbnd £ pinpbdh wwwgnygp:

Bhnpbd 2.6: Nhgnip F thwly uwhidwGwihwly pugqdmpnifp hwlnhuw-
Grud £ Jtipowdnn pund hpwp hbin shwngnn hwl puwgdnpiniGiph
gnedwn’

F=3 F, (FF,=2,kek):
=]

U nbtiwpned mF=Y mF, :
k=1

Uuprugmyg: Unwlig pOnhwlpnupinilip juwshuinbyne Yupnn BGp nhunwnplt
bnynt gnudwnbghttnh newen' F=F+F,, (FF=93):

Ybpglblp Lwidwpulwo £>0 L plnpklp G4 L &5 Gpyne pwg uwhb-
dwbwthwy pwqdntpmnibitp wybwhuhl, np (pbnpky 2.5)

GoF, mG,,<mP;+g~ (i=123,.):

Lawliwjblp G=G+Gy Un nhgypnd G-0 hwlnpuwbnud t F-p
wwpnilwynn pwg vwhdwGwihwl pwgdnpinth W hwbwpwp'
mEsmGEmGumGo< mF+mF+e:
£+h Yuwidwpwlwh |hi6 g YuinnwGwGp
mE<mF+mF,: (*)
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Uynu 4ngdhg’ punn pudwlObihoippul phinpbdh™ gnynipinul nlGBG

wiwhup B4 b B pwg pwauncpjnuGGhp, np
B;:}F,‘, (i=1,2,3,...), B1'Bg=®1

Updd JbpglbGp Luiugwywh >0 Lk qunitlp wilwhuh G pwg uwh-
dulwthwl puwginpinul, ap GoOF, mG< mf+e:

Usn nbwpnwd” B1G L B,G-pp hpwp b shwwngnn pwg uwhfwGw-
uy pwgdnupulGtp 66, npnGp wwpnbuynd 6 hwdwwwnwu-
Gwpwp FoLFrp

mFAmF2m(ByG)+m(ByG)=m{ByG+By (],
npnbn ogindbighlp hpwp htitn shwwndnn pwg pwqonipynliiiph gne-
duiph sunhh whnhdnipyniGhg: Puyg B+ G+B, G G, npinbnhg
mFAmF,<s mGamF+e
U £ -h hwtwjwlywBnipjnilhg’
mEmF<mkF: {(**)
{*) b (**}-h hwikdwwnnpnilhg YuinwGulp
mEF=mF +mF,,
npl £ wwhwGeynd  wuygnigh):

§ 3. UU3UULUOUY ~URUNFE3UL BPSULPL bJ LEMPEL 2UOLN

UwhowGned: E awhdwiwhwl pugdmpu m'E wpumphl swih Jwb-
Juikiop E puqingniGp wwpniGwyng pognp hlwpwyep pug uwhidw-
Guhwy pwqunieymGibph gwihbinh Gzgphun unaphl Ggnp”
m’" E=inf {mG}:
GoE

UyGhugw £, np Juiuyuiwd £ uwhiwbwthwl pugdnpiul hwiwp
wpnwphl swthp gnyaupinul nelth L 0<m *E <400
Uwhiwimd: E uwhbwGuwy puqinpput m F Ghpphl swd Qubgw-
kGp £-h Gty dwlnn popnp hlwpwdnp thwly pwgdnieymGbbiph suthbph

Gzanhn qtiphl Gonp
m, E=sup {mF}

FcE
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npinkn 0Sm E<+o0:
Bhnpkd 3.1, bpl G-0 prg uwhdwlwwy pugdnupnid b, wapw

m G=m O=mG:
Penpkih wywgmjgp pruncd £ 1.1 L 2.4 pinphdibphg;
Plnpbd 3.2: bpb F-p thwl uwhdwlwthwly pugdngncl b, wwyw

m F=m J=mF:
Pbnpbih wuwwgnygp pluncd £ 2.2 L 2.5 ptinpktitphg:
Bbnpkd 3.3: E Ywihwwiwh uwhiduwbuwhwy puqinuppwb hwdwp

mFE<m ‘E:

Ugprrgniyg: dhgnip G-0 pwg uwhwlGwihwl pugdmpmb t L EcG
Ywduwywlwt F thuwly pwugqdmpjwd bwowp, et FoFE , wyw FcG L
hbinbwpwp 2.3 phnplidhg  YmOkGwlp® mF<mG, npnbnhg b
m E<mG: Puyg pwiGh np G- Yudwjwlwl pwg uwhiwbwihwl pug-
OmpjntG £, npp wwpnuGwyned £ E-G, wiyw m,ESm'E, nnp b wwhwbg-
ynud kp wigugnighy:
Bhnpkd 3.4: Yhgnip A-G L B-0 Juwdwjwhwl swhiwbwhwy pwqint-
pymlbp BG: bpl ACB, www m A<m B, m A<m B:
Uupgnyg: LpwlwlibGe S-nd A-p pninn thuy BopwpwginipinlGGlbnh
swihtph pwainipynulp, puy T-m| B-G: Wn nbwpnd m d=supS,
m B=supT.

GOpwnptilp F-p A-h nplt thwly Ghpwpwqdnignil b L hbnbwpwp
bthip Gwl B-h Glpwpwqimprilp: Upanbnhg Yhbwlh, np ScT L
hntwpwp supSssup?l Ywd m A<m B Lnyl &uny Ywpnn GGp
wwuwgnigtiy Gpypnpn wohwywuwnnegyndip:

Bbopbd 3.5 bph E uvwhiwbunfrwly pwqinpynilip bpklhg Ghplpujwg-
Grud £ Jbppuwdnp pdny Yuwd hwodbh pwgdnipyudp £ pwginipntlGhinh
qnuiwn
E:; E, ,wyw mESym'E,
k
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Uwrgnyyg:  Btnpbdp whthwpn b, bpp S E -G wwpudbn &
k

topwnpklp wyn zwppp qiqudn bV £>0, 3 G, pug uwhdwGuthwl
pwadnipntl, np

GkDEk,mGk<m'Ek+-§-, (k=1,2,3,...):

Lywlwlybilp d-nd nput  pOwmbpdun, np Ecd: Un  nbwpnd
EcA3 G, , npinbnhg £ pun 1.3 pinphsh Ynilbbwhp’
k

m E<m |:A§k: Gk}=m [g Gk]sgm (A-GJS? mG, S% m E, +¢

npuntinhg & biplntd b oplinptioh wwywgnygp e-h YuduywhwG jhobine

2Gnnkhy;
Ptnpbd 3.6: bph £ uwhiwhwhwly pwainpinidp hwinpuwlnud £ hpap
hbin shwwnry Yeppwdnp pdny Ywi swhiwiwthwly pwqinipjudp £

pwqtinupyniblitph gnudwp
E=ZE,‘. (E,E =D, k=k'),
k

www m,E>Y mE, :
i

Uwwrgnyg: hnwplblp wnwohG B E2Es,... B, puqinpniGObpp:
Ve>0 3 F, thwy pwgdnpynilp, ap

F.CE,, ka>m,Ek-—%.(k=1,2,3,...)

Fe-pp gnug wn qnuyg 66 hwindnud b Zﬂ -0 (il b IbLnbwpwn puwn
. k=

2.6 phnphidh, Guuinwhwbp
m Exm [i 1«1]=i mE,—&:
k=1 k=1
ewdh np £>0Lwowwiwh b, wyw X m E . sm E:
k
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Ujewhuny penpbidp wupwgnigdwé t dbppwdnn qnidwpbhGhph hwidwp:
Gt Gpwlg pulwlp hwaybih t, www YunwGwip 2.mE wnph
k

qniquihinignln b Y m, E, <m, I :

k=1
Gpbi ptinpbdh wundwlibnh dbg wlnbudh Eg-bph qnLq we qnig
shundwl wwdwGp, www plinpbdp Ynwqwnph hpwhwlwbwnig:
OnhGuly, tpt £:=|0,1], £:=[0,1], E=E\+E; wuww m E=1,
m E+mE =2

Pinptid 3.7: Hgnip £-G uwhdwlwhwl puqdnpynt b Gpk 4-0 E-G
wwnnihwlren hOwnbpduwy b, wugw
m E+ m [CrE|=mA:

Unpgnyg: Jhngliblp Ve>0 L qunGllp F thwl pwaimpinl w)lwby,
oy FcC,E,mF>m [C.E]-¢:

bpb Gawlwltilp G=C4E, wiyw G- pug uwhowlwihwy puqdnt-
pimbtL £cC, F=G, npuinbinhg

m' E<smG=mA-mF<mA-m, [ C E ]+¢
npintinhg ty ( V&>0-h 2Gnphhy) YmObhGwGp
m' E+m, [C EJ<mA:
Wdi ¥e>0, 3 G, pug uwhdwbuihwl pwadntpyntl, np G,DE,
mGo<m*E+§:
vbnglblp 4=[4,B] L wenigbbp (a,b)cA wlutu, np
€ &
A<a<A+—, B——<h<B:
3 3
Lywlwlblp G=AG+( A,a )}+(b,B):
G-0 pwg t, uwhiwbwhwly t, EcG L mG<m E+¢:
Puyg dynwu hnnshg F=C,G -0 thwi t, pwlhnp F={a,b]-CG:
Pwlh mp FcC E, www

m. [ C.E[2mF=mA-mG>mA-m"E—¢
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npwbinhg | ymGbGwhp ' E+m, [ C E J2mA L hnbwpwp dupgGuljw-

Owuwbu YnuGbhwbp
m E+m, [C E ]=mA:
nbulip: m’ { C,E J-m,[C E J=m"E-m,E :
bpnp, bt E L C4E pwqinpmbiibph ntipbpp hnjubGp, wwyw
yunwlwlp m' [ E J+m E=mA, npnbnhg ti
m [CE]+mE=m"E+m [C E],
b bwbpl wujwgnigyuwdé t:

§ 4. 2UOLLP PURUNME@3NILLED

Vwhowtmd: E swhiwbunhwly pugdnipoulin Unsdnud t osuhbiph, bipl
lpw wpuwphl L 0EpphG swithEpp ppwp hwywowp BG°
m E=mE:
Lpwhg pGnhwGngn wpdtpp Unstnd b E pugdnepjwid swih b Gwlwy-
g £ mE-n
m’ E=m E=mE :

Bbnpbd 4.1 Pwg vwhiwlwduwly pwgdnipinilp swihbih £ L Gpw gunhp
hudpGloma E dand) vwhiwbwipwl puegdoupijwd swihh htn:

BEnpkah wwuwgntign whdhpusiybu hbnbmd t 3.1 phinpkdhg:

Bnpkd 4.2: dwl uwhtwiwhwl pwqinignelp sguthbigh b4 Gpw swihp
hwipOybnud b pug uwhdwbunpwy pwgdnpjwui stuthh htin:

Quwgnugp htinlined £ 3.2 plnptidhg:

@bnpbd 4.3. Gpt E-0 uwhdwlunhwl puqimpmt t L Fcd (4-6
Guidugwlywe hhnbpduy ), wuw £ b C4E puqinpynGGtpp Shwdw-
GueOwly sunpbiph GO Yuwd ng:

Uwwgntygp wathewwty bnlnud £ 3.7 pbnptip hbnleulphg:

Btnpbd 4.4. tpb E uwhdwliwthwly pwadnpnip hwlnhuwnud t hpwp
i shwinynn dbpowinp pyYnd Gwid hwadbih pwqdnippudp swihbih
Ppniyghwibph gnudwp’
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E<S'E, (E, E,=D. k#k),
k
www £ pwqinipymlp swibih b mE=) mE :

Hupagniyg: 3.5 L 3.6 phinptdobph hwdwnpnudhg Ynulbowig
> mE=Y mE,SmEsm'ESY m'E,=) mE,
¥ k k k

npp Yngdnid & swnhp (phy wapnbyacgni:
Bhaptd 4.9 dbpowdnp puny swdhbip  pqdmpinibBtph  gnudwpp

sunpgh b
Uupugnyg: hgnip £=Y" F, , npnbin E¢ (k=1,2,3,...,n)-np swipbih 60
P

Jdbpgiklp Va0 L nipwpwGsnp £-h hwiéwp fwenghlp wyG-
whuh 7 gwuly pwqimpnih L (; pusg pwgdmpniiohp, np

ST . £
ot e, mG -ml <—, (k=1,2,3,...,n):
f

Lawhwyblp F=X F . G 3G, -
kT [

Uythwyn t, np #-p thwl k. (/-0 pwg vwhiwGunfroly pugdnpnd t,
Lnp FcEcCG, npinbnhg hnlid £, np
mF<m, F<m’ EsmG (*)
Pug’ G—F pwginipinulp pwg bt (G~F=G-CF) Lk uwhiwGuwhwl,
nmnbinhg ty hEwmbmd £, np win pwadnipnilip swihbith b Upnwe bnndhg
Fop Ongyliwtiu guihbth b b hbinlwpwp, zGnphhy
G=F+(G\F ),
ppinbn F-p b (GVF), G=F, (G-F=G-CF)-p stb hwenynid, Ywpnn
tGp Yhpwnbi Gwlunpn ptrpbtp’ mG=mF+m(G\F), npintinhg t[°
m(G\F)=mG~mF:
Lnggl by YuinwOwlp, np
m(Gk\Fk)szk—ka, (k = 1,2,3,...,n):
Npwntinhg ty°

G-FCS'(G,~F,),
k=1

68

npinkinhg b putn 1.1 pbnpbidh, yneGblwbp’
m(G-F )SZH: m(G,—F,) twi mG-mF ﬁi [mG,-mF, J<¢:
&=t =1

Unwgyws U (*) wlhwdwuwpnipnibliphg YmGeGwGp, np
m' E-m E<¢ L &-h hudwywlwa thnpn hbbinig
m' E=m F
BEapkd 4.6: Jdbppwdnp pynd swihbih pwgdnupnibibph  hwinnudp
swithbp
Uwwgnig: hgnip E=f!E . npinbn Eg-pp sunhbith puwgdnupmlGhtip
kG Thgnp A4 npuf pGnbpdw b, npp wpupmGulnwd t pngpp Eg-pp:

uyshugn t, npC,E=Y C,E,: Puyg C4E; \ E; pwqiinipymGlipg dhw-
k=1

dwiwlwl 60 swhbh Ywd ns, nptinhg L, 2Gnphhy 4.5 ptinpbidh,
htintnd £ C4HE-h sunhbipnipyniGp L npws bt dhwdwdwGwly Gwl £-h
susthti hnup)nuln, apg b werhwGgynud bp wwyuigmegbg:

Bhnptd 4.7 Gplnu sunhbth pwgdnupiniGlbiph quwpptipoupnilp jumhbigh
R
Uupugnyg, “hanp E=E.—FE,, npnbtin £, k E; pwgdnipjnlfbpp
swihbih G0 Dthgmp 4 hGintptugp wwpnGuilned b E, k0 £, puqdnt-
pinGhGpp: Un nbyprud E=EC4E,, npp punn Gwiunpn pbnpbdp
swpbih & '
Bbnpkd 4.8 Gpl 4.7 phnpbidh wwdwiGEph hbwn shwdwdwbwy £,2F,,
www mE=mE . —mE,:

Uupurgryyg: wng b, np E=E+E, (EE,=2), npnbinhg b, hwiwdunh
4.4 pbinpbth mE=mE+mE,, npp hwiwnpdbp t pbnptdhQ:

Bbnpkd 4.9: 6ph E uwhiwluwduly pugqinipmlp hwlinhuwlnd £ hwp-
dbih pwadnipjudp  swihbih  pwgonegyniGGhiph  gnutwp, www E-0
swihbph &

Uuprgnyg: Dhgnip E:Z E, : Uinglbbp A (£=1,2,3,...) pwqinipml-
k=1

Okpp, npunkg
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A=E,, A=EE, .. Ai=E—(E+EA+. +Ery), ..
htain b hwinquty, np E=) A4, . npnkn pninp Ag puqunipiGibipp
k=1

huizJbeh &0 L gnuyg we gnuyg shG huenynud b hbGnluepwn 4.4 ptnpbidhg
Whbwnlh ptinpbdp wwwgngp:

QoG E puqinp)wl  uwhdwlwthwlnpinlp winbub) sh
Yupkip, npned hwdnqbpae hwdwp pudului B ooprnwplby hbobwg

ophGwlp™ £4=[0,k], nnuntin Y £,={0,+0), npp swihbih st:
ke

Bbnphd 410 3wlbh pwqldngjudp swdibth pwagdnepnulbbinh hw-
tnudp swihbith b

lwwignyyg: thygnip Er-HE' . nputn popnp £y-pp swihbph 60: BwGh np
k=1

EcE,, wyw E-G vwhiwGwihwl t: Yhgmp 4-0 nplt hGunbpdwy ten
Ecd Liuwlwytlp E=4-E; (k=1,2,3,...): Un nbiwypnLd

E=AE=A[[E=[(4E)=]] 4,
k=1 k=1 k=1
it wnbully, np C,E=Y C, 4, L htunbwpwp pun 4.9 plinptidh
k=

C4E-G YthGh swithbip b Gpuw hbn dhwdwiwbwl Gwl £ puqdnupinubp:

Bhnphd 4.11. Thgnip 4, E, E,, ... pwqdnupnGhbpp swhbh bG: Gpb
E1C:EZC:E3C.... b tpt E=) E, gqmnuiwpp uwhdwGuwipuly b, wuyw
k=1

mE=lim{mE, ] :

pahin _
Uuprgnyg: b £ nbulby, np £ pwgdnupnalp Yupbth £ ebplwgwglly
htwntyw inbupny

E=E+(E—EN+(E—E)+(E—E)+...
npuntin gnedwpbi hGlpp hpwip hbwn 356 hunndmd; fpanbnhg b, pun 4.4 L
4.8 plinpkdGhinp hbiwbinwd £, np
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mE=mE, +§ (Eva—E, ):mE1+§ [mE, «~mE,]:

UGdtpe 2wpph gnibwpp hwjwewn £ Gpw wewohlh 7 whnudbbiph
gniiwph uwhdwin, bpp 7—+00, hGwlwpwp Ywpnn GOp gnpby’

n=1
mE=lim{\mE+y [mE, ,~mE}y=limmE,:
H—ped &= n—ax
Bbopb 4.12: Nhgnp E,E. E;,... sunhtih pwqingnibGbpp 66 L
E=[]E, :bpb E,DE,DE;>..., wyw mE=lim[mE,]:
k= fepe

Uwpwigniyg: hgnip A-G Qudwjwluwl hbnbpdwy b np E,cA4: bGwpnn
tOp qptiy
CEcCE,cCEc.., C,E=Y C.E,:
k=1

Cuwn 4.11 pbaphidh, uinwiwGp, np

m(C,E )=lim[m(C E,)].
npp Ywpnn top ﬁbpumngﬁhl hhunlyw inbupm’

mA-mE=lim{mA-mE ],

R

npubnhg b hGunbknud | pEnpbidh wwywgnygp:

§ 5. 2UdkLbh PURUNFR3IUL UULPD

Bhankd 5.1: bwiwpwuljwl hwadbh uwhdwlwdwl puginignll swihbh
kL Gpw swihp hwywuwp t gpngh:
Uupwgnyg: Nhgnip £ ewhiwbwdiwy puqlinpinclp  Juqidws
X1,X2,X3,... Yowmbnhg:

Lzwlwltop £,-nd Okl mwpnwbh {xz} pwginpniGp: UYGhuwjw E,
np E4-G sunpbih pwqinginiG b, npp swhp hwduiuwp b qpngh W plinpbigh

wuugnig)p htinkmd t £=Y E, L mE=) mE, GhpyujwgniiGtphg
i=1 k=1

(4.4 pbnpk):
Ik



Uwwgniguwéd phinphish hwtwnwpd winnuip plnhwbnep nbupnud Shonm
st: Apwyby ophGwly’ nhnwplbinyg Po Gunwppup pwqinipnGp, nbulind
kGp, np ¢ hgnpnipjunip Po pwqinepjwl swihp gpn t

Uwhdwlmd: Gph E pwqirpynbp Ghpluywgdmit £ hwadbih pwgidni-

pjwdp thwl pwqinpniblbph gnulwph wbupny E=Y F, wuwuw
k=1

Ywutilp, np £-0 hwinhuwGnd b F mbuwlh puqdneggyndb:

Vwhdwnid: Gpb £ pugimpymGp Obphwjwgdnud | hwadblh puginig-

jwidp pug pwgdnigniGibinph hundwG whupny E=[] G, , wuww Yu-
k=

ublp, np £-G hwinhuwlmd £ & nbuph pogdmpnid:

Ptapbd 5.2: bwiwywlwo F, L G, wbuph vwhiwlwhwl pwgint-

piniGtpp surhbp GO:

Uurgnipg: F_ nbiuph pwqimppulb vuwhdwlunhwlimpinilhg hnbinid
E popnp gnudwnbihGbph  uwhiwBwhwymgnilp, npnip sunhbih GO
hplig qntdwpp hhn  dhwdwdwlwlh npwbu  wl  swhdwlwhwy
puqunipyniGhbiph gnudwp (sunhbith puqinugepmlGGtiph qmdwn):

bk £-6 G; wbuph vwhiwGwihwy puginpnid b, wuyw Ytinglhpng £-

G wwpmwlnn 4 htnbpdw Yupnn tiGe gpby E=H(A-G,‘). npnkinhg
&=

ki bBpbnd b E-h swithbihmpnubp, npwtiu hwzdbih puny swihiih
pwqinupnLGOtph wmnwnpu;
UwhdwGmd: bph E puqinpnilp Ywnpbih b uinwiwp dquuly L pwg
puwgdnipynllfph htwn JGppwydnp pund LGud bwpdbith pwqdneppudp
gnuiwpdwh b pwqiwwwanlows gnpdnnnupmbGtph Shengny, wyw E-
O Ynsynid b «Bapbipwi» pugdneggnih: UwhdwGuwnpwy prpbpwh pwqine-
pinilip Yngdnud £ (B) swihbih pwoiinegini:

Ophliwly, F, L G; wbuph pwginpinuiGpp prpbywl pwagdne-
pintllbn GO
Bhnpbd 5.3. (B) sunhbph puwqinpmbGtpp swihbith 60 Owl pow
Lbptigh ((L) swihbih 6G):
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Bbnpbdh wupugnygp Yuwwwpdnd ' Gnyl dund, hGsg-np 5.2
pbnnkdp:

Swlwnwly winndp pbnlwinpy nwpnud Ghawn s gngmpine nGhG
(L) swihbih puqinupyntlltp, npelp sunhtigh shG pun (B)-p:

Blnpkd 5.4. Popnp hlwpuwdep swihbph pwqdmpniGibph M pwqiine-
pinlbp nulih w)b Gyl hgnprupynulip, hGg np pnpop Ybwwaghl pugqint-
pIn.GGEpp, wiuhGpl™ 2°:

Uupugnigg: UGGhwjwn b, np M <2°:

Uyniu Ynndhg shunupylip ¢ hqrpnippuidp npld gpn sunhh £ pug-
dnipynuli (ophGwl bwlwnph Py puqimpynilp) b GzwbwilGp S-ny Gpu
panp GlhpwpluginipmbGlbiph pugdnpimlp: Pwlh np gnn swithh pug-
Goepyuwll juidwwlwh Gopwpwadnippul wpnwphl swihp hwywuwp t
gpmh b hGinlwpwp swihbih £, wupe ScM |, pwg pwGh np S=2°,
www wwnq t, np M22°, npinkinhg by htinlnwd t plinplidh wywgnygp®
M=2°:

bwpbith t Yunnigbp vwhdwlunhwy pwgdnpiniG, npp swihbith st
(Ywidwjwywd npulpws swhp puqdnepmb wwpnlwloud b ng swbh
dwu):

tulnhpGtp L JuipdnpynetiGbp:

Uupugneghy, np

1. Snpupwlgmp Guunwppup pwgdmpnd wwpntbwbnod t gpn swigih
Guwnwpjwy Gopwpwqdnipjnil:

2. bph A-0 hwlnhuwGmd E npuywd swihnd jwihbh pugdnggma,
www wil wuwpmlwymd b wyliyhuph x b y YGkp, npnlig htirwyn-
pncpynLGp nwghnGuwy b

3.  E uwhdwGuhwl puginpjwl suhbhnpywl hwdwn wihpudbn
b L pwjwpwn, np Ve>0 3 FCE hwl topwpwaqinginil wiliwby, nn
m'(E—B)<8 (dun | B-PnuwunGh hupinwGhzp):

4. Vuwhiwlwdwl E puqinipjwl hwdwp bwpbih t Gwenigh] w)G-
whuh 4 b B pwgdmpinGibn, np A cE< B, npinbin 4-6 F,, B-0 G
inbuph puqinipjniGlbp LG U m A= mE, mB= m'E:
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5. bph A-G L B-0 tipyne shwindnn gwihbilh pwginigniGobn &G, LI.lU.{LLI
¥ E pwqlnipjwl htudwn mhr[h ntGh

m [E(A+B)]=m (EAY+m (EB),

m JE(A+B)])=m (EA)+m (EB)

6. Npwbtugh £ uwhiwGwhwy pweinpynibp thOh swihbith, wlhpw-

dtizm t L pwdwpwn, np A vwhiwGuigwy pwqlnepiuil hudwp wnbnh

niGE0w m‘A=m‘(AE)+m (A-CE) (Mwpwptinnnph uygpnilpp):

7. bph E=i€k, Eck,cEc. L E-G uwhbwGwwy b, wugw

k=1
limm E =m"E .
8. ¥V hwybth uwhdwGwihwl pwgdnipul swihp qpn t:
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IV QiR
PHLL HARLUSHPULLD

§ 1. 2UOGLP DNHLLUShULEPh UUIUULATUE B MUN2UGNESL
Iusunrasnruure

et £ pugdnippul YudwpubiuG x Yeinht bustwupunwsufnaGn
plwh dbp £ npudmd nplt f(x) hpwlwt gy, wyw YwubGp, np £ pwgdni-
pJwh Jnw wpdws t fx) dnulhghw: Wn nhiwpnud plnnuGnud bGp Guwb
f(x) $nulyghugh wiybpp wpdtplipp, npaGp hpwp b Yuwws BG
—o<a<+eo  whhwldwuwnngjuwdp, npnbn -0 Gudwpwlwb hpwlpul
phy t:

E pwqinppwl ypw npnpdwé f(x) InGyghugh hwdwp E(f >a)
uhdgmny GawlwybkGp £-h unl x Yhinbph pwqdnipincin, npnig hwdwp
wtinh nuGh f{x)>a wihwwuwnnopnilp: LngG dkny dinguned £

E(fza), E(f=a), E({f<a), E(a<f<b)

L wyp whiuph uhdyn Gtp, pOn npnud, £-6 Ywpnn b thnfuwphayty 4,8 L
w) nwnbkpny;

Vwhdwlned: E puginipjwG gpw npnpduwé f{x) pocllyghwl YusGw-
Gh0p swihbith $niGyghw, Bt E-h htwn Shwdwiwlwy swihkih £ Gwb
E(f >a) pwqdnpnlp, Ywiwpwiws g Ybpounnp pih hundwp: Jwdwiu
wuntd &6, np f(x)-p (L) ghbih dnellyghw t: Gt £ L pagnp E(f >a)
wnbiuph pwqdnp)nchGtnp (B) swihbh GG, wuw f{x)-p Ungdmd £ (B)
swihtilh pnclyghu:

BEnp&d 1.1: Qpn sunihh pwqinipyjwl Ypw apnzws Yudwjwwo 3:m[]t|
ghw sunhbiih t:

iEnpbidh wwwgnygp wllhugu ¢
Bhapbd 1.2: dhgmp f(x)-n £ pwqinpuwl ypw npnzdwd swhbih
Prullyghw E: bphi 4-0 E-h swipbith blpwpwgingnl b, wupw dhwyb A-h
dpw nfuwpyiws f(x)-p st t:

bpnp, A(f >a)=AE(f >a), npp swhbiih t npybu bphae swihtih
JmGUghwGlph wpwnwnpyu:

75



khnpto 1.3: Ohgoip f(x) mllghwl npnpws t dbippuwdnp pyny Yud
mupltp pwqdmppudp Ex  sunhtith pwadnpjmlbGliph gnutup hwinh-

wmgnn E——~Z){?Jt swihbp puqinepyw Ypw:
£

tpb f(x)-p swihbih t ipupwbgnp Ex  pwaimppud dpw, www
wiyl sunhligh £ Gwl £-h gpue:

Ppnp, E(f>a)=zk:Ek (f>a):

Uwhdwlnd: UhllnyG £ puginpjut Jpw npndws f(x) L g(x)
tnbnt niighwlbpp Yngdnid 66 hwowndbp, bpk mE(f#g)=0, npp
Grwhwlnud b f{x)=g(x):
Vwhdwlnd: thgnip npbt S welgmpnll wibnh nuGp £ pwqdnippw0
pniap Yswbph hwidwp, pwgweneipjwdp qnn swih nuitgnn Ky cE thpus-
puqinegeiwG Ypw: Un nbiypnd Jwubklp, np S-p wbnh nubh hwdwpw
wikGniptp £ pwgdnpjwd dpw, Ywd E-h hwdwpw papop Ybinkph
hwiwp: Uwubwynp nbiwpnud E¢-G Qupnn b (b0t @ nguaapy pug-
Gnepyncl:
BEapkd 1.4: 6ph f(x)-p £ pwqinipul dpw mpdwéd swihbith nufilighuw
t, pul fx)=g(x), wuju g(x)-p Gnjlgbu swihtih t:
Uwwgniyg: Wanp A=E(f=g),B=E\A: U nbupntd mA=0, wjl-
wbu, np B-0 suwhbip b L hGulwpwn f{x)-p swhbch t B-h dpw: Puyg
fix) L g(x) PmOyghwhbpp GnyGwpwp hwywuewp &6 B-h Jpw L
htnbarpwn g{x}-p GnyGugtiu YhGh swihbith B-h dpw: Rwlh, np g(x)-n
swibith £ Gl 4-h dpw (2Gnphhy mA=0-h), wuw w)l gwhbih bihGh
Gwb E=A4+8 -h ypw:
BEnptd 1.5. 6pb E swihbph pugdnuppwl dpw npaadwé f(x)=C=const,
www f{x)-p swihbigh b

bpng,

&, bpp ac

Uljuanb wanlbGp, np phinpbidp Ghan | Gwb c=o0 nhwpnud:

Hubotingd, | a,p)-h Upw npapdws f{x) Ddrblghwl Ynsdmd Lt
unnaptubundl, tipt [a,h]-G Ywnpbh b wpnhby cp=a<ci<c<... <cp=b
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E(f>a)={E' tnp a<c

Ybpgwitnp pdm) GEwnbpnd wjlwbu, np jaupupaebsniap (ck,cm) k=0, 1,
wowr B1=1-h tpu f{x }-p hwunwonoG k:
Thwnlw e UunpSwlwdl dnLllghwl swipbih b
Bhnpkd 1.6 bpk f(x)-p E pwadmpywG Jpw npnadwd swihtith pnudl-
ghw b, unyw Va-h hwiwp swihtijh 66
E(f2a). £(f=a).E(f<a),E(f<a)
pwadnupnibGenp:
Hupwgnyyg: 3w b unnighby, np
E(f2a)=[1 E( f>a—%] .
k=1
npnbinhg b bnlnd t E(f>a) pwadnppul suhbihnpindlp, hul
dhwgweé puginpmbotinh sunhbih thobip pfund £ bbunlywy welgne-
pynulGtiphg.
E(f=a)=E(f2a)-E(f>a),E(f<a)=E-E(f>ad),
E(f<a)=E-E(fza):
Aunnnpnipyacli: 36 b nbulby, np bph
E(f2a),E(f<a).E(f<a) (1)
pwqunpnilGbphg nplt Obyp swihbith | Vae-h hwiwp, wayw f{x)
Pnilyghw Y hGh swthtith £ suihbih puqonipywt ypw:

bpnp, E(f>a)=3, E[fzwlj GnuyGnipyniipg hnbimd &, np
N

n=1

S(x)-p swihtith £, tipb swihtih 60 painp E(f2a) pwqinupymGGbpp:

Lnyl dbnd wuwwgnigdnud t6 Gwl dlwgwd nbwpbiph hwdwp:
Upryhund, f{x) swihbih $nibyghwih vwhiwGiws oby £(f>a) pug-
tnugynilGp Ywnnn 6Gp thnfuwphGly Ybpp nhrwnlfws (1)-h Ywdwjwlwa
pwqinLpjwip;
Binpkd 1.7: bpb E-h Jpw npnadwé f(x) Pnillghwl swihbph b, huly k-0
dbipgw Unp phy b, wuwge suthbith GG Gwb 1) fx)+k&, 2) &f(x). 3) [f(x)],
4) £3(x) pmllghwlbpp L bpb f{x)#0, www swihbih YhGh Gub
5} 1/f(x) pnLlyghwl:
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Uagnyg: 1) f(x)+k  PpmOlghwh  swehtithnipnibp  plumd t
E(f+k>a)=E(f>a—k) wnlsnpnilhg:

2) kf{x)-h swhtithnigynilp, tipp =0, pjunud £ 1.5 ptinpbishg:
bph £#0, wuyu £f(x)-h swibhnupymbp phund t

[E(f>a/k). bt k>0
EW)")"{ E( f<a/k), bpti k<0
wndisnipjnLihg:
3) | f{x)| Inuliyghwl swihtih t, npnihbint swihbih GO

E, tpt a<0
E(Iﬂ>a)__{E(f>a )+E( f'<_a ), bph (120

puwigqinepnLGabnp:
4) LnuG ake’ s b £2(x) $rllyghw, 26nphiyg
E, bpt a<0

£l 2>a)={E(| />Va), bt a20

wnhsnipjw:
5) bpti f (x)=0, ymGhGwbp 1/f(x)

E{ £>0), bpt a=0
E[lm]: E( f>0)E(f>1/a) tph a>0
/ E( f>0)+E( f<Q)E( f<1/a), tph a<0

npunbinhg by hiwbinwd £ 1//(x)} $nlhghuwh swihbihmpymtin:
Bbapkv 1.8 [A,B] hunnjusnid npnafwé b whplohwwn f{x) drby-
ghw0 gwihbigh b
Uapuwgnyyg: bwhi gnyg owlp, np F=E(f<a) pwqonipynilp thwy t:

hgnip xg-G F-h npld vwbdwBuhl Yo t L x,—x, (xHGF). wjn
nwenud f(x,)<a L f{x)-p whpGnhwinmppub 20nphhy YneGtlwbp
S (x)Sa, npnbinhg t; hbwnlnd b, np xoSF, npp L wwywgnignud £ F-h
thuly 1h0bp:
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Pwig win nbypmd E(f>a)=E-E(f<a) pwg uwhiwGunhwl
pwqinpinLG b U hlitnbwipwn swihbith t, npintinhg b hinbinud £ plinpGdh

wupugnygn:
twhdwlned: Whgnip M-p hwlnhuwlnud £ E={A4, B] hwwnywén sGpw-

puiqinpynelp:
(%) 1, ipt xeM
xl=
Pue 0, tphi  xeM

Palbhyghwt Yngymd £ M pwqlmppub plnipwgphs Iniblghuw:
@Bbaptd 1.9: M puqdnepnilp L Gpw pGacpwgphs goM(x) Inelyghual

dhwdwdwbwly 60 suhbph Ywd ng:
Uupgnyg: Gpk @, (x) dneGlghwl sthbh b wwu M paqinpul
swihbpnepynilp plunud t hbunlyw) websmpnubhg:
M=E(p,>0):

Swhwowln, et M-p suuthbh pwadneggml £, wupw

B, bph a>1

E(p,>a)=M, tiph 0<a<i

E, tp a<0
welsnipynilp pwgwhwpnned b @, (x)-h swihbigh (hGba:

Uujugnigdus plinpbishg hbawnlined £, np hbaunnepjwdp Gwpnn Ghp
Jwnneghy fuqunn dnuGyghultph ophGulyGtip:

Jwihtith pnilyghuwgh vwhiwlnithg hbnbmd t, ap ng swihbih
puwqinpjwl Unw ppnpdwé Guwiouwgwlpud $nubbghw sunptih sk, puyg
Lu‘;qu:gmgL{wé ptnpbdp GOpwnpnud & Gwl ny swehbth PnGyghulbph
grynipynilp swhbigh pwqaineg)nlGGbph ypw:

§ 2. QUOLLP dNFLYSHLULGRR JUSUNFR3NFLLLPD

Lbdd: Bpb £ puqintppul pw inpdwé b6 bpgae f(x) L g(x) sunhbih
nullghwibp, wyw £(/>g) pwquntpymbp swihbih t:
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Uwpuignyyg: bph hwiwpwlwiblp pniap pwghnGw) pybpp’ 7,7,,7, ...,
wiyuw buwnwwip

E(f>8)=3E(f>r)E(e<r).

npp hpbihg Gbphuywglned b hwadtyh pund sunhbith pnublghwitiph
gniiwn W htwbwpwp (Bddwl wwwgnigywé E:
Bonpkd 2.1: Mgnip f(x) L g(x) Pnuliighwlbnp dbpgwynnp swihbh
$nlyghwGln GG, nprpdwd £ pwainipjul fpw: Un nbiwpenud suhtib
0 hbwnlyw;  PmGhghwlbphg  nupwpwsmpp’ 1) f(x)-g(x), 2)
fix)+g(x), 3) fx)g(x) Lbpp g(x)20, wuw swihbih YhGh Gul 4)
f(x)/g(x) $mGlghut:
Uuigniyyg: 1) a+g(x) pocllyghwb sunhbith t Ve-h hwdwp: Cun |Bdoh
swihtih t 0wk E(f>a+g) pwqdne)mlp L pwih np E(f~g>a)=
E(f>a+g), www gunhbip b Gwl f(x)—g(x) pnblghwl:

2) f(x)+g(x) qgnuiwph gwhbphnepyntGp phunad

Sx)+g(x)=fix) —[~g(x}]

wrOgnpnLlpg:

3) f(x)g(x) wpmwnpuuh sunhbihnipinilp hbndod b ohbinbgu
wnGsntp)nLlhg

f#e@= {7 @+e I/ g (<))
L 1.7 pnpkivhg:
4) f(x)/g(x) pwanpnh swihbihnepynelp prunid £
f(x)__f (x) 1
glx) " " Telx)

wnGsmpprbhy:

Uwwgnigdwd phinphdhg plumd £, np pywpwGwijpwl qnpdnnne-
pintGatipp swidbth pnubyghwibph hbn, kg nnpu gh dnnud swhbith
dmlbghwObph nwuhg:

B&apkd 2.2: "hgnp £ pwqunpjwi Jpw npywé B0 swhbigh nbyghw-
Gnh f1(x), fa(x), fa(x), ... hwenpnuljwGnipinll: 6pb jnupwpwbgnip
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xeE lYhnh hwiwp gnympimd niGh (Ubppwdnp Yud wGybpg) wyg
hwenprwlwinippwid uwhiwlp

F (x)elim £, (x).

www F{x), Pmblghwl swinbh t:
Uupugnyg: Va ulbnwé pyh hwdwp Gnglibp hhntgw) pwgsnipnlb-

Genp’
A0=r(fpar ) B4,
m

ken
npnip whGhwpnnepbl swhbth GG, npwbu  hudbith pdnd  swihbp

Inllyghwbiph wpnwnpjwy, L phinpbdp wwwgnigbin hudwp pudw-
Yk £ unnigby, np
E(F>a)=Y B":
nm
Wgnip X €E(F>a),uyn nbwpnud F(x)>a L Ygwhh w)lypup
1
m plwlwl phd, nn F(x)>a+—: Pwlh np f, (x,)=>F(x), wyw
. m
pwlwlwlwswih db6 z2-h hwdwp, bpp k21 LhGh
1
S (% pa+—,
m
wuby t ph erA,Ef] pnirn kA2x—h hw_ﬁwn L wyn nbupnLd xoeB,f:') L
wnwyh| Lu x,&d. B Ujuinbinhg hbitnbnud t, np E(F>a)cY BW:
R.m nm
Ujdd GGl £ gnyyg wwp hwwmwlp®
Y. BPcE(F>a):

R

Thgnp X&), B®: U nbuwpnuy xoeB,Ef) npn2 ubkowé n-h L m-h

hwitwn: Wn Gawbwinid t, np x,e A9 bpp k27 Yua L (xo)‘;-a-i—l:
_ m
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bpt JbpohG wbhhwywuwpnipjil by woglblp wwhdwhs, bpp
1

k—+co, Yunwlwlp, np F(x,)2a+—, npintinhg by F(x,)>a, wub t
m

phi, xyeE(F>a), L plinptidp wuugnigywe t:

Uwuwgnigtfwd pbnpbidhg plunud b hbnlyw pGohwGnwgnudp:
Phnptd 2.3: dhgmp £ pwqonippul dpw wpdwé BG fi(x), f(x), ..,
Fr(x), ... sunhbih Inibyghwlbpp L nplt F(x) dnGyghw: Gpb

lim f, (x)=F (x)

wnGsnipmnilp nbnh nebh hwdwppw wikinipbp £ pwqdnippwi Ypw,
wuw F(x)-p swihbih &
Uupugnizg.: Lywlwlyblp A-n wit xef Yhwnbph puqdnipnip, nnnGg
hwdwy (*)-p wbinh snGh (wig Yewnbpald lim £ (x) vwhitwGp Ywpen b

L gqopnipmil snulbbw)): Dun wwydwGh mA=0 L F(x)}-p swibh b A
pwadntpjwl Yypw: 2.2 pbinpbidhg htinbnud £, np wyl swehbh £ Gwl £-4
puwginpjwb pw L bEnbwpwp wyb swnbih £ wipme £ pugdnipjui
Upus:

§ 3. anHUUKSNHASNL CUS 2UOH

Bhnpbd 3.1: (ULkptgh pbnptidp): Mhgnp E swihbith pwqinippwi dnw
unpdwé GG swihbith U hwdwpyw widblnipbp vwhdwGwdway f(x), f(x).
f5(x),... pnliyghwlbph hwonpnwlwbnipyniGp, npp E-h hwdwpjw pn-
tnp Yenbpned gniquidhnnd b {x) hwdwpjw wibGnipbp uwhdwGw-
thwly $niGlghunhl: Un nbwpnud, ¥d>0 puh hwdwn nbnh gnulbw
lim[mE (£, f126]=0:
Uupugnyg: Lwe' 2.3 phinplichg hiwbnud &, np f(x) uwhdwGuhG
Ililyghwb Gooluytiv sunpbigh b L htnbwpwp suhbph G0 Guwb w)b pwg-
dnipnGGEpp, npnlig GwuhG funupp gbmd &
LywlwlkGp
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A=E(fl=40), 4,=E (f}=+e0). B=E(, )
Q=A+iAﬂ+B:

UyGhwjun £, np " '

mQ=0: (1)

WanwnbliGe Ex(6)=Ex(] f-f 26). R, (5)=§ E(s) M =§Rn (4)

pwaquntpiniGlbnp, npnlp prinnl b swihbh BG, apwbu hwzdbh pyny
sunhybh prblghwhbph gnudwp b hwnnd:
2wlh np R4(0)DRA0)>..., wwyw puwn 4.12 ptinpbsh (L1 ),
Gpp #—oc YnuGEOWGp
mR, (8)-»mM - (2)
Ujdd gnujg imufip, np
McQ (3)
bpli LGpwnpbip, nn xo€Q, wupu iirzj;(x)zf(xc), nlin, npnLd pngnp

filxo), faxo), f_a,(}cg), ... pdtpp b Gnuwhg f(xo) uwhiwGp JGpgwinp &
Ibwrbwpwp Jn, np bpp £2n nbinh nuGh | f(x0)—f(xe)[<d, nputinhg by
yhbwnkh, np x92E,(d) Ywd xe€R,(d) L wnwdl Lu xq&M, npintinhg
ty hinkmad £, np M@
Wjn nbwpencd, pun (1)-h, mM=0, L (2)-hbg YunwGwbp’
ﬁiﬂ, mR, (6)—0: (4)

Pwjg, pwlh np E,(9)SR.(F) www J.'f'mEn(5)=0, npunkinhg b

hhwnbntd b pbnplidh wwwigneygn:

Uwhdwnd: Shgnp £ swihtith pwadnput dpu aipdwoé GO F(x),
fox), falx),... sunhbiih L hwdwpyw wibkbnipbp uwhiwGunhwl doudly-
ghwGtph hwenpwlwineynG L f{x) swhtith L hwdwpyw wokOneptp
uwhiwGupwy pnelhghw: Gt V>0 puh hwiwnp nbnh nuGh

lim{mE(f,-f126]=0
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welsmpmnilp, www Yuwublp, np dneblghwbbph {f,(x)} hwenpruiiw-
Gnupymip griquishincd t f{x)-hG pun swiph b Ygptlp wyb hbunbgw)

uhiynapny
fo )= 1 (x)
Cuwn swihh griqudhnineppub uwhdwlnuwip poey © ywghe Leptgh
ptnpGiip dluultipuwb) htnlyw] nkupny.
LEpbgh pbapbdp: bpk E pwqinpwl dpw pniGighwibph {f,(x)}
hwenpnwlwGnipymbp qniqudhnmd b f{x)-h6 hwdwmw wokGnpbp
(tim £, (x)=f (). wosws ws yamguishunh f(x)-hG Gust gun sk
lim f, (<} (1), ()= £ ()
Jwhwewyp plrnhwinagy nbiwprd Shown sk (Gwenigty ophGuly):
Ujdd Gawbilp puin swiph qniquihnnipwi dwiwGwy f{x) uwhdiw-
SwjhG dLllgpuwyh dpwinipjwl hwpgp:
Bbnpbd 3.2: 5pb f,(x)=>f(x) Wf(x)=g(x), wu f(x)=g(x):
Uapirgnyg: Vo>0-h hwiwn nGhlp
E(f,-gRo)E(f#g)+E(f,—f]29).
nuntihg by (2G6nphhy mE (f#g)=0)
mE (| f,—-g26)smE (f, -f2é),
nmntinhg by Gplnwd £ pnpch wwwgnygp:

Bhnpkd 3.3: 6p5 L,{x)=f(x), fo(x)=g(x), www fx)=g(x):
Uwpegnyyg: 3bian b unnigl|, np Vé>0-h hwiwp wbnh i

e (R (A= N

pwlh np, bpb biwp sh wwnbwOnud we Gwohl, wnwybp Lo sh wwin-
Ywoh éwluhG: Pwyg fr=f, fn=>g wnlsnipynllitipp gnyg bG vwihu, np
(*)-h we dwuh swihp hdgwh gpnyh, bipp 7-p wnLd £, npinbnhg Yhtnlh,
np mE (|f—g|26)=0:

i 1
Pug, pwlh np E{f ¢g)CZ1 E (lf -812;). www fg:
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3.2 1 3.3 plinpEiGEphg hbwbnud £, np pun sunhh qnugquishainippul

dwdwbwl drbyghwibph shwlpeginiip hwulpugdnid © dmbyghwibph
huniwpdbpnipjul wbupny:
@tnpbd 34. (D.Nhuh pbnpbdp): Nhgntp {f.(x)} ImGlyghwChph
hwenprwlywbnpnilp £ pwqintpjul Jpw pun sunhh qneguedhned L
f(x) pmbhghwsht (fx(x)=f(x)): Wn nbupnd gnuympnl niGh
Ju 0 S (). £y (2) - (my<my<ng <)

bGpwhwenpnwlwnipynil, npp  gniquidhwinid t f{x)-hG  hwdwnw
wakGnnbp (h’m fo(@x)=rf (x))

Uuypwgneyg: bingGblp fi>fo> > ... Glwann npwlwi puibinh hwenprw-
GuiGnipinil, nph huwdwp ﬁim 8,=0:

Tthgnip, wjBnthtnl, 74>#72>7:>...(71,>0)-n hwinhuwlnud t gqnt-
gudbiin npwijwd pwpp:

Uyda, Guwnnighlp

RI<H2<H <., (*)
Gnfimnn{ wdnn hOpbpulbiph hwpenpnwlwGnipined  hbnlywy  dlny.
Gzwiluwlblp 724-nd wy0 phuwlypub phdp, np
mE (S, ~ 128, )<,
Ujnwhuh phd grgnipyntC nulh, pwGh np
mE(|f, - f|26,}-0, tipp n->00;

Wytnthtinb 72,-n1 GrwGuwltiGp wyl plwlwG shyp, nph hwiwnp

Peahwipwwby, Guubwhtte #, -~ wyl plwiwG phyp, nph hwidwp
mE(|f, ~f[28,)<n1,. ne>ng

Hyuwhuny' (*) hwenpnwlwGmpynilip Guenigdwé t:
Uydd garyg viwbp, np hwiwnjw wibinipbp £ pwqinupjul dpw

lm 1, (91 ) e
Nhgnip R,.=§E ( £ () (x)i?é}),Q:]i[ R;:
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Rwlh, np DR,DR ..., www puwn 4.12 phinptdh (11T gpnufu)
mR;—mQ:

Ujniu Ynndhg, nGkGp, np mRﬁZm, wylwby, np mR;—0 L hbunluw-
k=i

puwp, m Q=0
Ujdi gnijg wnwGp, np (*)-p wbinp nGh £-A 4 pw:
hgnip xo€F—-0: Ujn nbupncd xoeR,b, wubi t pb, bpp k24,

xeh(lf, ~f126,),
U hbwnbLuwpuin
|./;;A (“'n)'“f(xc)‘(dk =N
L, pwlh np dx—0, whthwyn £ np f, (%)= f(x,) L plnpkdp
wwuwgnLgybig:
Blnpbd 3.5 (Lanpndh plinpbidp): Yhgnp £ sunhbth pwginipped Jpw
npduid U0 swibbh b huwwngu wobGniptip vwhiwGwdul f5(x), f(x),

Ja(x},... dmblghwhliph hwenpnulwinipnuGp, npp huwdwpw wikGnd-
pbp gnugdhunnd b f{x) hwdwpw wikmpbp wluwhiwGwihwly

swthth prudlghught’

lim f,(x)%f(x): )
U nbwpentd, Vé>0-h hwiwp 3 wjlwhup EscE sunptith puqoni-
pinclt, np
N mEs>mE -6

2} Es-h dpw (*) gqniquihunpintlp whnh nubh hwudwuwpwsuih:
Uupgniyg: Lhpligh pbnpbidh wupugnigiwl dwiwGwly Yo>0-h hudwp
unwgyby &

h;zzo mR_(c)=0 &))

wnGsnipynilp, npwnbin R, (§)=§ E(f,—f25):

U)dd nhunwipybap
SrHforfat. .+ (Es>0)
npwlul 2wppp L qpn)h dgtnnn htitnbyw| npwywd hwenpnwlwinigynulp
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a>o>0>.., limo,=0:

]
{1)-h 2Gnphpd, Ywpbih b ympwewGyn i-h hwdwp qunib) wilwhuh
ni, on mR, (0,)<m;:

Wdu quiGtilp wyGuwhuh i, np Y. 77,<8 (V>0 -h hwiwp) b GwGew-
=iy

LtiGp e=i R (o)
=y

UyGhwjn t, np me< o;:
bpb ytipglbGp Es=FE—e, www YnGhlwbp mEs>m il -0
Ujdd, tpb Jbngtlp x€Es, wuw x¢e, nputinhg b 2R, (6,),
Gl np dhLGnud t, Gpp A2n, YnoGblwGp
xeE(f,~fa),
L hbwLwpwp
s () f (x)<o, (k2n,),
L wowyh) Lu
fe (0)~f (¥)<e (k2n,),
npntin €-p Ywdwpaeluw b npubpwd phd b Unwgdwd wihwdwuwpnepyme-
Ghg tp hbwlndd t, np {f,(x)}-p gniqushwnud b f(x)-hG hwduuwpus-
suith, pwGh np x; -0 Yuhudwé & dhw)G e-hg:

§ 4. QUOGLLP DdNFLYSPULEND YUNAFSYUDRD

U pudOmad Ynpuwplilp dh 2wpp fubGnhplsp, npnip wpuwhwg-
el G0 juhbth dnllhghwlbph Snnwpbdwl hlGwpwdapngymGobnp
whpGnhww dnelGhghwhbph Ghengnl:

Bhnpbd 4.1: Ophgnip E pwqinipjul dpw npdws t f(x) swbih
hwiwpw wikGniptp dbpewdnp $alyghwl: Ve>0-h hwdwp 3g(x)
swithbih swhiwlOwdwoly dncblghw wybughuhl, np mE(f;eg)Qs.'
Uupgniyg: Yingltlp A, =E (| f|>k),O=E (| fl=+):
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Cuw wwydwGh, mQ=0: Conphhy htinlyw) whGhwpn websnueni-
(bpp’

A1:>A2:3A3::....,Q=]—!A ,

k=

puwn 4.12 ptinphidh (X1 qunifu) wbnh niGh {im mA, =mQ=0:
MptsG bglmdh wibwhup kg, np mA&‘, <g!

Wdd, £ puqunipjwl dpw nhinwnyele g (x) $nullghuwdbingbiny
f(x). bpp er-—A,tﬂ
gl x)=

nnp Yheh swihbrh b vwhtwlwhwl, pwGh np |g (x)|sk0: Ujnws Ynnidhg,
nLOtlp E(fig):/!ku, npunlinhg k) htiinbinud £ plinpioh wwugnygp:
Ywhdwbmd: Mhgnp f{x) dmGUghw npnzqwé t F puging)uh Ypw
b x €k, pon npoud” f (x, )=too: UwubiGp f(x) $rellyghwl whpGnhuin
b x, WEnmG hwndywy Gpyne nbwpbipnud’
1) bpb x,-6 £-h dbymuwigdwh Yo ¢
2) bpb x,€E L x,—>x,,(x,€E ) wnlsnipynilhg hiinlinwd £, np
()= ()
bpti f(x) InGYghwl wipbnbunn t E puqdnipjwh jnupwpwiiginep

Lewnnd, www Yuwublp, np /(x)-p wépbnhwwn t £ puquinipywl Ypas:
LEDY 4.1: hgnip Fo, Fo,... F, pwgdnpnulfitinp gy 60 L qnuyg wn

0, bpp xGAku

qnuyg sE0 hwnnul: Gpb F:Z”:F; pwqinipywl Ypw npnwé o(x)
P
PpruGlghwl hwunwnnG £ jncpupwbsnip Fe-h dpw,  www w)i
whpGnhwn b F puginupjwh ynw:
Uupgnyg: Yhgnip 3,6F" L x,—x,, xefF:
F-f huynepjual 2linphhy xg€ F L hinbwpwp 3 m, np xg€Fy,, pln
nnnud’ Biph k=m x,2F, , x,eF, (pubh np Fi -0 hwy t):
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Wuinbnhg hGnbnud £, np {x;} hwonpnwluwdnpiuG ShuwG Jkpow-
dnp pdny Ybwbn Yuwpnn 80 wunwGby £y -hb, Gpnp £#m: dhgnip x, -0

w)n ewbphg dtipehlo ¢, np wwinwontd b Fy, Fo, o Fra, Fop, .., Foy
pwquinipyniliGtphg nplk SG4HG: Uyn nbwpnid i>i, nbwpnd wGhpwdbs-
wwpwp x,€F, , wuhlpl i>i; nbwpnd @(x,)=@(x,), npbinhg K
htlindd £ Gddh wwwgnugp:
L& 4.2: hgntp F-p thwl puqinipiniG t L Fcfa,b) bpb @(x) by
ghwt wipbnhwin t F pugdnpyjwlb dnw, www [@,b]-h ynw Yupbih ¢
npnzbL w{x) nbhghwl, npp pwdwpwpned

1) w{x)-p waptnhwn t [a,5]1-h Ypw

2) bpbx & F, wyuw w(x)=¢(x)

3) maxjy (x)=maxip(x)
Uwuwgnyg: bph [a,B]-0 F-p phngpynn dpGpduy hunmwéh b L w(x)-p
npnzdwé b {a,B]-h dpw, www pwwhwG YihGep wyl plnguw)Giy
hbunlgwg Yapuy

wix) bpt xefa,a)
w( x)={
o). bpuxef b/

npwbugh unwwip npnlbth drnullghwb (e, #]-h dpw, htunbwpup,
wrwig pnhwlpntpnelpn puwjuntne Qupon GO0p plnaudb
[a.b]=[a,B]:
bpt [a.b]=F www pbnpbip wybhwpn t: Udd Llpuwmpblp F#{a,b]:
Uyn nowentd [a,b]--F-p hugidwsé b Jhipguynp pdnd, Lwd hwzybih
pwginpiudip hpwp hbun shwindnn hGnepdwilbphg, aprig  dwypw-
Ybiwnbpp Wwwnlw G 66 F-hG (F-h jpugmghs hGinGpduibbng GG):

dbngltiGp y(x)=¢(x)-p £ pwgdnipjul dpw, huly F-h puignighs
hGwnbpdu Ghpp Ypw, npybu qéw)ho dnullyghw:

w(x)-h wiplnhwwnpynibp [a,b}=F-h dpw wylhwpn b, apwbu
qéwgh0 pnellyghw: GhpwnptiGp xoeF; Gpb xo-0 (pwgnighs Ohowiliwph
wp Sunpwlybin b, wuyw whbhwyn t, np wil wipbghwan b dwluhg:
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thgnip x¢-0 sh hwlnpuwbnud nplé (pugnghs hGubpduth we
oupuilybn b nhgnp X, <x, <c <. hwynpnubiwGnpneb £, npp grequ-
thwinid £ xe-pl:

bpt x,eF (n=1,2,3,...), www ogqunybind F pwqlnipub puw
w{x) dnlyghwh wiplnbwwnepnibhg, UnmikGwip

W x, )=o(x, ) >0 Xy J=p(x,):
Ibwnlwpwn Ywpnn GOp pGnnubl], np x,€F(n=12,3...): U nbwpnd
X0 Guunnluilh npbt (A, 1) inwgnighs hGubngwih, npntn 44<x
{pwGh np xe-G [pwgnighs hGnbindwih we dwjpuwlbin gt):

Ohgnip A,<x, <p, (k=1,2,....,n)) X, 4>

Wn qhiwpnd x, 4-p UpGYGh Gh niphz (4, 4,) tpwgnighs dhow-
Yuyp, npnbn Gnphg <X, Wn pllwpynedp 2wpnibwlsing, Yunw-
Gwlp (4, 24).(4, 1,).(A, 1), ... wehg dwlu dqiinn (pugnighs how-
beujptinh hwgnpnwwlnegnul wybwhuhp®, ap

xe€(A;. 14,) I:k"—-ni‘+1,....,nf).'

X, <f;<xy wnlgnipnilp gnyg b uwihu, np g, —>x, L hnwpwn
A—>x, {pwhh, np :,ui_15/'1',f.<x0 ):

Puyg A, g, hnbpp wusnluwonud &G F-pl, wybwbu, np

limy (A )=limy ()= (x,)-

Lwlh, np géhughG pauGlghwih wpdhplbpp apbt  hGwnbpywgnod
pOhlywd b dpowluyph dupwltnbpnid ginluynn Gpw wpdbpbbph dhols,
W wuing &, np limy (x, )=y (%)

Wuwhend, p{x}-h wiplnhwampineGp wwwgnigdwd b LG dlny
Ywpnn tkp wigwgniugh] Gpw winlnhuwnnegnibp wehg:

Cqunybny dbiEp2inpwinp huynbh pbnptdhg, Gwpnn GOp wiab, np
| er,h)-nd whpGnhww jp(x)| dnGhghwh hp dbdwanyl max|p(x)|
wpdtpp pbnnclnud b F pwginipyub pw (pwbh np puugnighs hGuinbp-
dutbph dpw @ (x)-p g6whG £): tntawpwn max|y (x)|= max| e(x)}:

90

BEap&d 4.2 (tPnpbh phapbdp): thamg {a,6]-h dpw wpdwéd t f(x)
swihbih b hwdwppu wdblGnipsp eppudnp dmbbghw: bGswhuhd &, np
LhOkG a>0, £>0 pybipp, [a,b#]-h dpw grynueynil nllh w(x) woplnhuwwm
Imblghw wylwhuhG, nph hwiwp
mE( f—ylzo)<e:

DOy npmd, Bpb [Ax)|<k, www w(x)-p Ywpnn GGp pGunt|
wjGwhuhg, nn jy (x}<K:
Uapurgnypg: Bhpunpllp, np |f(x)|<k: Ulknklp ¥ 6>0 L >0 pdbpp L
qunbblp wlpwl dbd plwlwh m phy, np &/m<o L junnghGp
1k5f<--£--k) i=1-m,2-m,...,m-1

m m
£, :E(”f‘ﬂ ks fsk}
m
puwqinipGabpg, npnlp swihbiph Gh, hpwp hbm B0 heodnd b
. m
le.b] 3k
1 m
Snipwpwlignip i-h hwdwp Ywemglbp Fck, dwl pwqidngpnd

f—

E, =E(-

wilwbu, nn mFJ.>mE‘.TE b Gawbwltbp /™ 2 £.: UyGhwyn E, np
m

1 ni

[a,6]-F=) (E,—F), npintinhg' m{a,b}-ml <e:

Lowlwytip qp(x):ik tpp xel’ (i=1~m,2~m,...,m):
m

Cun 4.1 LEth wyn $rbyghwl whpGahunn t F-h dnw, [p(x)<k L,
tpp xeF, wuw |f (x)-p(x)<o:

Oqunybind 4.2 Lodd-hg, Ywpnn GGp Yuwenigh) w(x) wOplnhwn
pnuliighw, npp F-h dpw hwdpbybnud t @(x)-h htiin wjluybu, np
b (x}<k: ewth np, E(f-ylzo)c|a,b}-F, www w(x)-p YhGh npn-
Ghth dmGhghw: Yuwhuny, vwhiwbuhwl nllghuwgh hwdwp phn-
phdl wuywgmgywd
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LOpwnptlp, np f(x)-p uwhdwbwiwy st Umn nbwypnid, pun 4.1
plnpboh, Lwpnn bO0p Yueneghbp wylwpuh g(x) dmlughw, ap

mi( j';tg)(%:

g{x)-h Upw Yhpwebiny wwurgnigdws pinpbidp, Yunnn GGp qunlby
wyGwpup w{x) wipGphwwn pnblighw, np

mE ( g—w|20')<%:

Puyyg, djncu Ynnihg
E(f-vizo)cE(f2g)+E (g—vi20),

w)lwtiu, np i (x)-p Ymeoh fubnhnp:
Ibwnbwlp: [a,b])-h ypw npnzdws Lwidwpwlwd f{x) suhbh L hw-
Gwppu  wibbnupbp  dbpowdnp  $nubbghuwgh hwdwp gnynipineh  nllh
wopbnhwn  dnulbghwlbph w, (x) hwenpnwiljwlnugynul, nmpp aun
swihh qniquihnngd t f{x)-hG

Jbipglbpnyg Bpunt gpnyh dgunn hwenpnwywbnipymaabp’

O,>0,<05>...,0,20,  &>&,>6;>.,6,-0,

jpuwpwbynip #-h hwidwn uengbGp wbyhuh g, (x) wiliplinbunn
dnGlghw, np mE(|f v |20, )<¢,:

8niyg mufip, np @, (x)= f (x):

bpnp, Vo>0,bpp n2n, YhGh o,<o L wnuhuh z-ph hudwp

E(f v 2o)cE(f v ko).

npwnbnhg & hbinbnugd £ 3Gp wbnmdp:

Gpb {w, (x}} hwenprwlwlnput hwiwn Yhpunbhe  D.Mhup
phnpbip, wyw Yunwbwlyp htnbyw) ptinpbidh wwwgnygp.
Banpbd 4.3. (U.Dpbzh pbnptidp): [a@,b]-nud npnzdwé jnupwpwilspnup
Slx) swthbh b hwdwppa wokiineptip Yepowynp $rllyghwyp hwdwp
gnyawpjme nubh wapinhwin pnillghwGbph hwenpnuwijuwbnuenll, rpp
amgwdhunid tf{x)-h0 hwdwppu wabGnipbp:
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U.bpbah pbinptdh oglinppuudp lpupnn tiGp wuwwgnughby Yhpumni-

pjwl hwdwp dhd Gawbwlynipinié mbbgnn L.U.LntghGh whgwh Yuwplnp
pbnnkdn:
Blnptiv 4.4 (LL.Lnghlh plinpkdp): Ohgnie [4,b]-h Upw npdud t
J{x) sunhbith L hwdwppuw wibGnipbp gepeuwignp doclyghwi: basayhuhl
t thGh 6>0 phyp, gqnnippilh mGh @(x) wGpGnbunn Pnilbghw
wjGuhuhG, np mE (f#@)<d;

bpb, dwutunjop nwpnw, |f (x}<SK, wyw, Gwl jp(x)<K:
Uupignyyg: Ingmp ¢ (x}, ¢,(x). ..., ¢ (x)}, ... U.Dpbzb ptinptsh dtig
bhzwuwwlywé wiyl hwenpnulwbnieniGo t, npp gnequithnnd tf{x}-ha
hwdwpw wdbniptp: Oquudtnd N.b.tgnpnygh phnpbdhg, LouwnGhGp

wjlwhuh Es pwqdnipiniG, ap mE5>b-a--g— L Egs-h pw o{x)—f(x)

hwdwuwpuwswih pun x-h:

Uuintinhg, pun dwpwlwihgh hwjnGh pnpbdh, f(x)-o YthGh
whplnhww £ 5-h dpw:

Wdd, Es-h obe quGklp F hwly pwgdnpnild wybwhuhl, np

mF>mE; —i

bpt f{x) Pnmllyghwl nhwwpybGe dhwylk /b dpw, wuww w)b,
wykhwjwapkl, Y RGh wipGrhwn wyn pugqdmppul gpw:

Oquwdliny 4.2 |bidhg, YgunGkbp ¢(x) Iabyghw wilwhuhG, npp
npnzwé & {a,b]-h dpw b kwdpGlGaed £ f{x)-hbn F puginepjub gpw:

Lawlwlned £, np E(f:tgo)c:[a.b]—ﬁ", nph qunpp <&, wylubu, np
@{x)-p wwhwGgynn pnuGlghud t;

bet, Swulwydnp nbwentd, |f(xf<k, www tpp xeF |p(x)<K
(puw 4.2 |Gidh): Pbinpkdt wuwwgniguwé t:

L.L.LmghGh plinpbd Ywpnn GOp dlwbbpwb) Gwb, hbnbyw dhnd.

a2wipbith b hudwppu widbtlinpbp bppuwdnp nbhghwi Gnwnbw
whplnhuwn, bpl winbublp wil Ywdwjwlwd duny tinpp swihh pug-
Gnuppull Ypws:

93



Wu dbuwlbipwnudp enyt ¢ vwithe wyl pOaniGiing, nputiu sunhbih
Ineblyghwp uwhdwdnud, hGsp b zuwn nbwypbpnd plnnuGyned t:

hoGnhpGbn L JupdnipnlbGkp
bt £, (D= (3).g, (=g (x), wuw

[, (x)y+g, ()= f (x)+g (x):
2. bpb £ (X)=>f(x), huy g(x) s;whbih L hwiwpw wikGnipbp
ubpguidnn b, wyw f, (x) g (x)=> /1 (x) g {x):
3. bgnpmyh phinptidp wwpweb] w) nbwph hwiwp, bpp f, (x)—>+c
Vv xeK -h hwdwp:
4. Nnpwbugh swhbp L hwiwpw wikGnpbp dbpewydnp f,(x) nidly-
ghwlbph bwenpnwlwinieintip gnigquidhunf puwn sunhh wbhpudbn t L
pwiwnuin, np Vo >0, £ >0-h hwdwp AN, npbppn >N, m >N, www
mE(|f,—f.[26)<e ($.Nhuu):
5. Quuhbith dnillghwltiph hwzdtith puquimpwl Gzaphu YtiphG tgpp
swithbi b nulghu
6. bpb ¥ ubbnqueé n-h b k—co-h hwawp £ (x)=> £ (x), hul tnp
k—oo, fM)2/(x), www {j;{"’ (x)} -hg Ywpbih t wrwGabwglby
bGpwhwenpnuwlwbnipiach, np =f(x):
7. 6-h dbp hhpwumuljywé hpwhwenprwlwbmpinlp sh gnugudhuncd
£ (x) -h6 undnpuywa hdwuwny;
8. Ahgnip f(x)-6 swhbp L hwdwppe  widbGnipbp  Jbpgwinp
pmblyghw k. npnpwé [a@,b]-h dpw: Uwwgnighy, np [a,b1-h dpw
Fg(x) { Pnblyghw, npp pninp hpwywb x-h huwdwp pwdwpwpnd
mil{g>x)=mE(f »x):
9. hgnp f(x)-p [a.b]-h dpw npnpdwé  swihbih L hwdwpw
wokGinuptip Ubpewidnp $nellyghus b Uwwgnigty, np 3 shwy 2 phd, np

mE (fzh)zb%a,mE (fEMké;, tpp M >4,

(1 I tnulwnnpuhsh fuGnhpp):
a4

V A0k
LRGP hLSEArUL

§ 1. LERGAN hLSEAPULP ULRUULARUL

Thgntp £ sunpbth pwgdnipwl dow wpdwé b f(x)  suahbih
uwhidwlwihwl dnLGyghwh, pln npnid

A<f(x)<B: (1)
{A4,B] hwwniwép npnhblp dwubph
Vo= A<y <y,<.<y,=B
Yewntipny L jnupuipwbgnp [ vy, Ve e1) Ghuwpwg hwodwéhG Jknwonpbip
er=L(sf<yi) (k=0,1,2,....n-1)
pwqinpynlGhtipp, npnbp pwywnwpnud B0 htnlywy snpu wuwydwiGeph.
1) e pwqiinip)nLlGbipp qnuyg wn qniyg sbG huum[nu] ee,=pk#k'):

2) Un pwqﬁmpjmﬁﬁhnn swihby b bG:
3) E=Ze,c:
£=0

n-1

4) mE=) me,:
k=0

Uydd GuinghhGp thhqh § LS utnnppl L GppG gnudwpObipp’
ul

.S’—Z y.me,, 8= Z AP T

tpb GwlulkGp /1=max(ym»yﬁ,), wwyw 4 G6lwiGp
OLS-s<AmkE: {2)
LEde hgnip {4, B] hwwndwéh nput wipnhdwbp huiiwwwinwuhuwGnu
t Liptgh 5o L S gnudwpGhpp: Gpb wipnhdwG Ybwnbphl wybpwglblp ;
anp wpnhiwG Ybn L Gnphg hwykGp Lhpkigh s L S gnuswnGbpp, wuyw
wwpqynud E, np 5,55, 5<8,, uyuhlGphl wipnhdwG Yhnbpht Gnp Yhnbp

wybjwygGbhy' Lepligh uinnppl gnulwpp sh tinppwénud L Leptigh bpha
gnLidwpp sh dGEdwlned:
Hwpwgniyg: GlpwnpklOp, np
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Yi<Y<Viu
Uin ntwpnud pwgh [yi,yie1) bhuwbunndweh, sGwgwé papnp bhuw-
hwinjwélbpp UdGwh Gnylp: [y Ghuwhwnndwsdp kpwdwbyh
[v.7), [V.y..) Gpun YhuwhwindwsGtiph, nph hbwbwhpny e; pug-
Gnupynilp Gneylwybia pwdwdh
e=E(y<f<y), €=E(ySf<y,)

Epym pwqdnipgniGlph, npnbin e,=¢/+e], e,e/= wylusbu, np
me,=me;+me;: (4)

Uugwshg hbinlnud £, np S qnudwpp uinwgdnud b Se-hg yime;

qnudwphl thnfuwphGbimg
yime+yme 2y me;+yme=y, (me+me])=yme;-n,
npintinhg htinbinud £, np s2s,:

Lnyl aliny]" S<S;:

IGinkwGp. 0ty 6h s vinnphb gnulwip sh gbpwquGgmad ng ¢h S YkphG
gnidwnph:

Ugargneyg: Yhowplblp [4,B] hwndwéh bplyne GudwywipuG J L 7S
inpnhnedbp, huly Gpuwbg  hwdwwwuwofuwbnon Lopbgh gnudwnGlipp
Gawlwhbitp hwdwuumeufuwbwpwp sq, 84 L sz, Seni:

bwaqskGp [4,B] hwndwsh 777 wpnhmd, teweGsnd 7 L 17
tnpnhdwG Ytinbipp L Guwibwlibip 55 k Syny Gpwl huwdweywnwufuwGng
Lepbgh qnudwplbpp:  Wn  nbwpmd, pon LEGS-h YnubbGwip
51553585585, npp L wywhwGouncd tp wwwgnmghy;

QhuinpkOp Lbpbgh nplt npnawlh So dbphG gnudwp: Rwlh, np
wowjwhwt s wnnphG gnudwph hwdwp 5<8,, www {s} unnppG
gnudwiplibph  puqdnegynilp  Jbiplhg vwhiwGuihwy t L khnlwpwp
yntObGw S2qphwn UtiphG bigp ™ U=sup{s}:

UlGhwpn t, np U<S,, npinbinhg & htinbmuds t, np Lbpbgh dbpht
gnrudwnlbph puginpnbp Gepplihg vwhdwGunhwl b L hbnldopwp nuih
Gz2anhwn uinnphG bgp (pwGh np So-0 Lopbgh GusdwwlwG Jephs gnudwp
t) V=inf{S}:

UyGhwpn £, pp Yudwpwlwl inpnhiwd bwdwp

s<ULVLS:
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Pugg, GUwwnh nuGeGwiny, np S—s<AmE, www
OV ~-ULAmE
L pwhh, np A-G Ywdwwywbepbl ginpn £, www U=V
Vwhdwbmd: U L V pybph pinhwlnip wnpdbpp Ungdnud b f(x)
$niblighwgh Leptgh hGwbgpw) £ pwqineppul Jpw b GuGwlpnud €

(L) [ (x)x=[f (x)d
£ E
uhsynind: UwuGwinp nbwpend, bpb E=[a,b], wuww Yuwnnn tGp qnti’

b
@) [f () wws [ 7 ()
2 fabj
Jdopp  wudwéhg  hbnlnd £, np pmpupwiymp swihhih
vwhiwbwihwl pnuliyghw hGnbgptih £ pun Lbpbigh wd Ywps (L)
pOmnbgnbih t:
Vwhiwbmuihg hownlnud b, np (L) hGubgpuwGlph quisp wdbth (unG

b, pwh (R} hGwnbgpuy Gsnh nwup, npp relh wybih pupn uenuggwop:
@&apkd 1.1: bpb A0, www Lbptgh s L S qnudwnbbpp dguiinud LG

f £ (x)dx honbapusho:
£

Punptdh  wwwgmygp  whihowwby  plumd ¢t htinlyw)
wlhwdwuwpnipin ilbphg'  s< If (x)ixsS.S-s<AmkE:
b

IwnbwGp. Leptgh hGuntignuith wipdbipp, npp uwbiwGiwl dwdwbwly
Ywuwqwd tp 4 U B pybiph htin, hpwlwonud Gpulghg Ywiugwd sk

hpnp, nhgnie A<f(x)<B, A<f(x)<B", npwtn B'<B: [4,B]
huwwndwén tinprhtilip dwwtph

A=y <y,<.<y,=B

YEwbpny wpligbu, np B’ Ywp dunglhGp wpnhdwb Lewkph 06y
B*=ym:

bplt Lwqubklp ex-ph pwqimpnibp, wiyw wyGhwypn £, np e;=0
(kzm):

n-1 n-1

Npbdl s=Y y,me,=Y, y me, =S ,
k=0 k=l

npuitin S'-p [4, B ]-h6 hwdwuunwutuwGnn Lepkigh unnphG gnudwnG
* *
E: Uliglibiny vwhdwohG fuunwbwhp, np I=1, npmbn I L 7 -p {4.B] b
a7



[ 1.4 ‘] huwnywdlbph0  huwdwwyunwejuwlinn  Lepbgh  hOwnbgpwih
wndbpGhp 66 Wuwhund® B Ybwnp dwnthntunpptlp  sh wqnned
hiunbgpwih wndtiph dpw: LnyGp Yepwebpnud b Gwk 4 Ynpo:

§ 2. LerBAh PLSEANULD USUNFR3NTLLENE

@tap&d 2.1.(Upohl wpdbph ptinphidp): Gpk E pwqinpwh Jpw

nprdwé f{x) sunphth pmlUghwl  pwdwpwpmd b as<f(x)<h
wihwywuwnmpjwip, wuwi

amE< | f (x)dxsbmE:
¥

Uwurgnyyg: hgnp #-p npuk powlwd phd B Gpbh  GawlwlbOp
A=a—\n, B=b+\/n, wyw YnOklwip 4<f(x)<B L Ltptgh qnudwp-
fibpp bwpnh GGp wnwGwy, npnhbipng [4, B] runywép:

Pwih np A<y, <B, www, wylhwjwn k, np

u-1 n-1

—1
Aﬂz me, <Y y,me,<BY me,
k=0 k=0 k=0

Ywd, np ShlOnyGi t
AmE<s<BmE,
npinbinhg b wiglbnd uwhdwbhG bpp A—0, Yunwiwbp

[a—%) mEsg[ f(x)dx b+~i—] mE,

Lo r-h YudwywlwG (hGGpm 2Bnpbhd, buinwgudh phinpbdh wwjwgnijgp:
Townlwlp 1: ek f(x)-p hwunuwnmb t £ swgibh pugqinipjul Jpw L

Ax)=c, wuw
[ (x)dx=cmE:

inlwlp 2; bph f(x) $nellghwd ng pwguwuwlws b {ny npuwlwd L),
wigu winughwhG b Gwb f(x)-h Lepbgh hOinbqnu g
thinbwlp 3: bpt mE=0, www £-h Ypw npdwé VA(x) vwhiwbwihuwl
Proatityghungh hwdwp YghGh

[ (x)x=0

£
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Pbnplkd 2.2; thgnip £ sunhbijh puqintpjul dpw sipndwé & f(x) suthbih
uwhiwlwihwl dnliyghw: Gpt £ pwqdnuptnGp hpkbhg GEplujuwglnd
¢ tpgundnp puny Yw hwdbih pugdmpjwdp hpwp hbn shwann £,
sunhbith pwqidnipnuliGhph gnudwp
E=YE, (EE,=p,kek')
k
L

[£a=3. [7 (e,

rpp YwldwObklp Lbptigh hGwbgpuwih iny wrhunpynipimG:
Uwpwgniyg: Nhunwnplhblp w)l nbwpp, bpp tnpwsd b Bplne gnidwplgh’
E=E1+E2 (E1E2= @)
bpb £ pruqinppul Ypw
A<f(x)<B,

wwuw wnpnhbiny [4,B] hwwwén yo, ¥4, ... Vs Yankpmy b Qugshng

&, =E(3,<f <),

€,=E, (¥, <f <Vi1)

e, =E, (¥,<f <Vpn)
puqdnipnudlbing, YnbulkGp, np e, =} +¢} (e;e; =), npinbinhg b’
n-1 "

-1 a1 ]
Z yxmlx=z Yl +3 yemly
K=0 KQ

K=0
L wiglbyny uwhiwahG, bpp A0, Yunwlwlp

[ ()= 1 () | £ ()t

UwpbidwunpywlwG hiinnyghuwih Shengny hbaw b ugl wwpwéty V23 -
h hwdwp:

Ujdd nhuwnpbbtp wil nbwep, tpp £=) E, :
k=1

Um nbwpntd ZmEk=mE, wjlwbu, np bipp n—o0 YnLbblwbp
k=1

> mE,—0: (*)

k=n+1
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Lawhwiyklp Z E =R BwGh np ytppwdnp gmidwntihbbph
k=n+1

udwp phnpbidp wupugnigywd £, www
[f(R)x=) [ f(x}dx+ | f (x)dx:
E k=1F, R,
Oquytiiny dhghl wndbiph pbnpbidhg, Yupnn GOp qnbi
AmR < [ f(xMx<BmR,,
R,

hul (*}-hg nkGp, np mR —0, bpp #->00, npinknhg b YnGtiGwip, nn
_[f(x)aix—)O: Ujuwhum], junwbwGp, np
R"

o

Jf (x) dx=

Fbwnlwbp 1 bph E pwginipjwl dpw wnpdwé b6 f{x) b g(x) swihbith
uwhdwtwhwy prudyghwdtip, npnlp hunwpdtp GG hpwp, wuw

ij (x) dx=bjg(x) dx:

hpnp, bk A=E(f¥g), B=E(f=g) wuyw mA=0 L
Jf (xydx=fg(x)dx:

B puwgtinipiuG dpw f{x)=g(x} L htinlwpwp
[f (x)dx=[g (x)dx:
B B

MGkOp E_=A+B (AB=2), hbwnluwspup
[f )= { f (x)dn+ | f (x) dx= Jg(x)dx+é[g (x)dx= J g(x)dx:

Uwubwynp abupnud, bpt nllghwt hwdwpdbp t qpah, wiwgw
uyny prblghwh hGunbgpunp hwywuwp b gpngh: Jwlwewyp plinhwbnup
niaypnuld ghous st

Opptwy, bpt [-1,+1]-h dpw npnpdwéd f(x) PnbYghwl nlh
htanlagi) inkiupp’

[ 1)

K= Ey

1, bpp x=0
-1, tpp x<0
100

e

W
I f(x) afx=j; f(=) dx+;[ f (x)dx=—1+1=0,

sGwywé f{x)~8: Puyg L wyliwbu tnkinh nuGh’
Fownkwlp 2: tpb flx) n; pwgwuwywl swihbih uwhdwluthwy
Pnullghuh Lepbah htinbgnurp hundwuwp & gpagh

Eff (D) dx=0 (f (x)20).

www uw)n pnilyghwl hwiwpdtp t qpniha:
bpnp, hGan t whutk], np

E( f‘>0)=;§1 d (f :’: ]

bpb bipwnpblip, np f(x)~0, wupu Hnof;n mﬁ'[f >~1—J=o'>0:
fy

Jdbpglbyny A=F (f)—‘I-J,B'-uE—A. LunwGwGp
Ry

,'1[ 1 (x) dxz;}-cr, J S {(x)dx=0,

17 @)= (x)as é[f(x)dxz%a,

npp hwlguonid bugunGuweGhG:
Bhnpbd 2.3: bpt E sjwhbih pwqdnipiut dpw vpdwé 60 fx) L F(x)
Bpyne sgwihbiph vwhdwlwhwly $nublghuGbn, www

Ef[f (HF (x)]dxijf (x)dx+ J F(x)dx:

Uwwgniyg: hgmg a<f(x)<b, A<F(x)<B:
[a.b] k[A4.B] hwundwsGhpp tipnhtitp
A=yp<y <. <yp=b, A=Y <Y <.<Y,+B
Yhwinbam) & nhrmwpykop
esz(yk5f<yk+1)’ Ei=E(Y£5F<K+1)’
T,=Ee (i=01,. . N-1k=01,... n-1)
pwqlinupnuGitipp: -
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Uyohwyn t, np Q=Z.’Z}b,‘ L T; ; pwqinpymGObine qnuya we qnijg
ok

shfi g nuy, hhmhwpwﬁ
I(f+F)er J(f+F)dx:
ik Tk
I, « PuqinpwG ynw mbnp nlh  y +Y <f (OHF ()<Y
wnGgaipncp, npnbinhg b, pun dhehl wpdbph phinptidh’

(yk+}:)m?;ks _[(f-l-F)de(yM-i-Y,-H)mY;’k:
T

Onudwpbnd wyn pngnp wibwywuwpmpnibGbpp, Yunwbwiip
2. (¥ mT < I(f+F) deZk (Vest +Yi+1)m1;,k (1)
ik E i

Luwpnn Glp qnbil”
w—1 N-1
Zykm?}_ﬁzyk (me:‘] (2)
ik k-0 =0

Pujg’

N N1

r N4 N1
mT, ,=m |_Z T, ]=m [Zﬁ: Ee, ]=m [e* Z:o E,.j|=m (e, £)=me,,

=0 i=0

=1

wyGwtu, np (2) qnuiwpp Ywpbih £ Gepyupwglly Y. y,me, wnbupny,
k=0

nnp ppkiGhg  Gipbuwywglnud £ f(x) Pmblghwh Ltipbigh uwnphb
gnuiwinp:
LnyG alny Ywpkgh b GEplwjwglly Gut (1)-h Bplnnpn gnudwnpb o
L htnbwpwp wgn wlhwdwuwnpnepynelp Yupnn BGp gpbp htiwlyw
nbupny
sf+sFS_[(f+F)deSf+Sp: (3)
E

nwglting [a,b]u [A4, B] hunywsGhph tpnhitwd Yanbpp L (3)-
b abe whghhny vwhiwbhG, YunwlwGp plinpbdh wujwgnegp:
rnpbd 4.4: tph E swihbih pwqinpwo dbp wpws t {x) suhbh
muhtdwbwhwy $nmblghwt, huly -0 dhppwipp hwewwnnel phy L,

1L
! ¢f (x)dx=c J f(x)dx:

tHugrngag: Gph 0=0, wwuw pbinpbidp wuiugnugp wyGhwjn b
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Yhgnep c>0 b A<f{x)<B: [4,B] hunnthwép npnhbiGp v, Yntipng
L duinglObpny e; pwqdneymGhspp, unlﬁhﬁwﬂp
ICf (x) dX—-Z fof (x)dx:
Puwjg e pwqinpjul Ypw niGhlwbp cy, <cf (x)<cy,.,, wylwbu
np puwn dhehl wpdaph pnpbidh
oy,me, < j of (X)dx<Cy, me,:

L)

Gph gnudwpklip uimwgywd pnpnp whwwoepnonlGGhpp, Huunw-
lusbp

IS5 _[( of (x)dx<cS,

npuntin s L S-p f(x) ianLEUQhwjh Lbptigh gmudwpbbiph 6G: Gph unwgywd
whhwywuwpneppulb bp wlglblp uwhdwlhG, bpp A—0, LunwGwip
pEnphtdh wwwgniigp:

Uydd, bhpwbinphOp, ¢<0: Ujn nhiugprud

Ozg[cf (x () f (x)]dxe!r;f (x) () _[ S ()

npwnbnhg b hwlinud £ pnpbdh wwwgarjgn:
Funbwlp. tpb E guihbih puqdnipjul ypw wptwd 58 /U F bpym
swithl h uwhdwGwdwl pncblghwmibp, wwjw

_[[F ()—f (x)kx= j'I* (x)dlx— j J(x)dx:

Bhnpbd 4.5 r‘lhgnu;v E swthtifh pqumpjwﬁ gk windwd 56 f(x) L
F(x) swihbiph uwhndwiwhwl $rilyghwhbpp: bpb

S (X)SF (x},
70y das [ oy
hrng, F(x)—f(x)>0 w)liubu, np
JF (o )dx— _[ f(x)dx= _[[F (x)-1 (x)jix20:

Bbankidl 4.6: bph J{x)-n guuhhm umhﬁwﬁwthwu Inibyghw t npnafwd
E swipbp pwgqdnipjul dpw, wupw

LYW
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[ ()l (o
Uupugnyg: hanp P=E (20}, N=E{f<0): Wn nhwpm.d
Ejf(x)dxﬂf(x)dxﬂf(x).:.{x:ﬂf(x)[dx—JLf(x)ux.

,;n 1 (x) dle;ﬂ £ (x) dx+J] 7 (%) dx.
L fufighpp popdnud £ ygwpqugnyb wibw Juuwpnipiul
. la—bl<a+b (a20,520):
PEnpkd 4.7 (Lupbgh phnptdp): Ohgnip £ swihbih pwqdmppul ygpw
wpwé 66 £(x), £, (x), £ (x)... swihblh uwhiwGwhwl Prllghw-
Ghph hwenpwluGnegnlp, app pun swihh qmiquishienid t Fx)
swihbih vwhdwlGwhwy $mdlyghughe £, (x)=>F (x):
tpb gmnpinG nGh K=const phy wjliwhuhG, np pntnp 7-ph b
papnp x-nph hwiwp
If, ()<K,

lim _[f" (%) dx= IF (x)dx: (1)
n—mE E
Uupwrgnezg: Dunn d.Nhup phinpbidh pruGhghwatiph {f,(x)} hwenpmw-
Ywlnipinitihg Ywpnn bOp wewdGwgbby {fng (x)} GOpwhwonpmwyw-

Gnipymel wyliypuhG, npp gniqudhuth F(x)-hi hwiwpw wiblnipbp:
Popnp wyl Yhnbpnud, npnbn

Jo, R)2F (%),
f, (D<K wlhwywuwnnippt dbg,

W

Luwpnn BOp wight| uwhdwlha

npuntinfg b YuinwGwGp, np hwiwnjw pragnp x € £-h hwiwp
|F(x)=K: (2)
Nhgrup a-0 aplt npaeljw@ phy bt dbpghbip
4, (o)=E(|f,~Flzo), B (o)=E{(f,~Fi<o):

i ntagpnd, UnbbGuiGy’
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bj fdx— EjF Sbﬂf;—F[dx:A”E[’ )U;»F|dx+ [ 1f,~Flx:

By (o}

|f,, G)-F ), (fHF (x), npunbinhg b 4, (0)-h huswngw pagap x-
ph hwiwp bnGEowlp Jf, (x)—F(x)|<2K, wluby, np ShohG wpdbph

phinptdh huniwdusl
[ JF~fix<2KmA4, (o) (3

Alo)

[ |f,-FldxsomB, (c)zomE,

Bﬂ(o}
npp hwownpting {3)-h b, Yunwlwbp, np

II S dx~ IF d.r’$2K mA (o) +-omE. {4)

Upnwu Ynndhyg”

Wehd, Wbpglbilip ¥e>0 U 6-h uglipwl thnpp wndtip, np amE<§:

Ultintiiny o-G L oquabiny puwn gunhh qriquidhiinpgul hwnlnugpnt-
Ghg, Yunmwuiw(p, np Gpp #—0

mA, (6)-0
U hbwlaupwp, 7>N-h hwitwp mGalwbp’ 2KmA, (rr)<f-", nphg htinn
2

wyr} papnp z2-ph hwdwp (4)-p YpGanubh htinbywg whugp
[ fax-{ !"d.\iq:.
E

E
npwtinhg by hsinbinud E plinptidh wwwgnygp:
GQupth t gnyg vwy, np phnplidp ppudwgh b Gwt wiG abiwypntd,
tpp |f,l (x]<k wlhwidwuwnpnipyntly nbinh nGh hwdwppuy wikGrubp:
Upwu Ynndhg, pwilh np puwe swthh grquilnntpinilp wdtp
pGnhwlnip t, pwl undnputjwl qriqudhnngp)nlnp, www phinptdp
ywwhwwoh nedp Gwb wiG nbwpntd, bpp f, () F (x) bwdwpuw

wokGnipbip {wd wewyb] Lu unitGnuptp):
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§ 3. NhUULP bd LERBAH hLSEGPULLENP IUUGUUSNIUD

Thgnip [a,b] hwnqueh daw inpdwe t {0y wiuuwysws §Epgwynp)
/(x) dmlbhghwi: dbngGhlip Vx,e[a.b] b 0>0: Lywbwyblp m;(x,) L
M, (%) -ny hwiugwnwufuwbwpwn f(x)-h Sqphin unnphG L JbphG
bankinp (Xg—5,x,+8) dhowlwpned:
my (xp)=inf {f (X}, Mz (xo)=sup{f (x)}. (xo—F<x<x,+3)

UyGhupn k, np m; (x)Sf ()M, (x):

bpti & -G hnppwlGnud £, wyw m; (x5)—0 sh Gdwqnid b M, (x;) -G
sh waned, htinbaupwp qrpnupncl b0 npnzwlh vwhowGebn

m(%kgﬂ% ms (%), M(xo)zﬁﬁ'c M;(x,),
pln npoud, wlbhwpanpkl
ms (xo)sm (3 )< f (%)M (x0)<M ; (x,):

Uwhdwned: m(x) W M(x) $nOyghwltipp Yngynud b6 f(x) PnGl-
ghwjh hwdwp Plinh uinnphG L ysphl oclyghwbbn:

Bapkd 3.1 (Phiph ptinpbo): dhgnip f(x) $nulihghwG Ysngwinp £ x,

Whwned: Apwbugh f(x) $rlbghwG wyn Lbnnud (hGh  wlpGrbuin
wihpuwdban | b pudwpwa, nn

m{(xo)=M (xp): ™
Uupusgnesg: Ghpumpklp, np f{x) $llghwl wipGnhunn b x, Yhnnwd:
V £>0 3 >0, np bpp |x—x|<d , wuw [f(x)-f(x, )<e :

Wt funupni), pninp x€(x, -8, x,+8) -h hwdwp wkinh nuGh
flxy)—e<f(x)<f(x, He:
Pwjg wiuwmbnhg hbiwnknud £, ap
S xg )—&Smy( x5 J<M 5 (% )< f (x4 )€,

Lol u f(xg J-s<m( Xy JSM (x4 )Sf( x5 )+,

npilinhg b &-h Yudwywlws ghGbing htwnlnid &, np m{xe)=M{x.),
tuhliph pinphdh whbhpwdbznnupnulp wwwgnigyued b
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Wdd GGpwnnbGp hudjwnwlp, wnbknh mOh (*)-p: Un nbuwpnud,
wylhwyn t, np m{xg)=M(xo}=f{x0) L PGph dnllighwih wndtipp xg
Yhuned Jppuadnp L

dtipglklp V £>0 L qunlhlp 6>0, np

mi Xy J-e<mig{ X, )sm x5} . M{xy )SM 3 xy J<M(x, €
Uy whhwitwuwpnepnilihg Ypfuh, np
flxy)-esms(xy),  My(xy)<f(x e
bpb wydd yepghhtp xe(x,—3,x+d), www f(x)-p plhwé YihGh
ms(x,) b M ;(x, ) wpdbplbph dhol, wjbuwbu np
S(xg )—e<f(x)<f{xg J+&:
Up funupny, tipp [x—x,|<8 hbunbned t, np

HENRTIEY 3
wyuh0pl” f(x) Ppnelihghwh whiplnhwn b xe Yhunned:
Ihdfwyws  (BEG: Ohnwplblbp [@.f] hwwdwéh  npnhnudbbiph
hbinbywy hwenpnwlwGneeynap’

1 1
a=xf’ <V <. <xVeb,
]

fi) (i)

a=xy’ <xi’ << =b,

pGny npnd Bpp i—>o0 A =max{ x,4—xi' =0
Nhgnip  m{’-6 f(x) Ppmblghwjh Szgphin wwnphG tignh &

[, x4 7 hwndwénud:

Nhnwnlllp @,(x) $nillghwi, Yhpglbinyg
o x)=m  anp xef ", x.]
@(x)=0, tpp x=x", %", 6
bpb xo-0 sh hwapGyond x7 (i=1,2,3,..; k=0,1,2,...,n;) Yaunbphg ng
BhUh hlw, wuyw
lime,( %, )=m(x,):
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Uwuwgniyg: UlbinkGp nplt 7 | [x“) x{‘i{] ~ny Gawlwllp i-pn wprh-
dwh wik hwnydwép, npp Wwpnhwlynid ¢ xe Yhwp: Rwlh op xp-G sh
wwenfwlnud ng dh pnhiwG Ybnh, wuw x,f:-’<xu <x£’f1 L htanbuwpwn
d>0-h pwylyuGuswih thnpp wpdtph hwiwn

(xg—5,xg+5)c[x(;),xku+1] nnintnhg Ghbinbh, np m<my(x; ) yud

np ShLGnulG b @, (x, J<m,(x, )

0-U dqurbglbGp qpngh L whglbtny vwhiwih, Ygnkap, nn ¥V i-h
hwdwp

@ Xo JSmi X, )
Upuuihruny jbidp wuguigniguwé b wl nbwph hwdwp, bpp mf x, j=—0:
Mg mix J>—c0 L nhgnip h<m(x,): Umn nbwpnu liqtnGyh
wjlwhuh 6>0, np me,(x, J>h: Ulbnbing & -G, YubinglbGp 75-G wybpwd
066, nn tnp £>7o UhGh /X7, %[, Jof %,=8,%,+5) , npunbin, htisugbu
dbipp, [xm };11] huinfwép wwpniGwlnud t x, Yk Ujnuwhup i,-h
arinLpjnulp hbnbnus b 4, —0 wwjswihg:
Wnwhuh i-Gph hwiwp YhGh m{"amﬁ(xo)‘»h, Ywi np Sphdnyla t,
O 1, Jh:
Ujuwhund, Va<m( x, }-h hwdwn 3 iy, np bipp i>i,
h<¢,‘(xo)5m(xc)-
huli nw Gwlwymd t, np @,( x, J=>m( %y ) L biiop wywgnigitig:
binlawlp 1. Riph m(x) L M(x) IniGhghwiitpp swihbih bG:
Ppng, inprhiwi {x;} Ltwbpp hwybih &G L htiwnlwpwn Yn6EGwWG
4nn gunh Lopun |60k, @, x )->m( x ) h.wd.:
Pug @.(x) PmbLghwblpp swpbth B0 npwbu wunhSwGugh

porhlighw, L hbinbwpwp sugbp b Gwh m(x) pmalghwd: Rtph M(x)
b ilyghunh bwdwp wwywignegp GnyGa t:
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Fanbwlpe 2: bpb |bodh wwydwklbph htn Shwdwdwbwl pGnmGsGp,
np @,( x} dnLblghwl uwhdwluhwy b, wuguw

(L) [o(x)dx—(L) [mfx)dx:

brnp, bpk |/ (x J<k , www wyGhuwyn t, np
o x)sk,  |mfx )<k,

npunbinhg UhGunlh, ap $nulyghubbing (L) hGunbigpbih BG L hbnbwpwp

GGnud | whghbt werhdwOh hGinbopuwh Gawih nwl (Ll:iplsqh phinpbdp):
Epb GUuwenbklp, np
a1 P A

(L) Josns=E, | oants=Sm[1mx0 1=,

=0 1)
npunbin s:-G6 Twuppnih unnphG gnudwnG £, npp hwtiwwwnwufuwoncd k2 -
nn tprhdwlp: Upn nlivypnud puin nhinwpyws hbnlwph, bpp i o

s5,—>(L) E_'[m(x)dx:

Lnylt dund Ywpnn GOp wwwgnigb), np Ywppnth S;  ybphG
qnudwnp, bpp -6 wdnld £, dquinud b Plph gbphG M(x) dmilghwgh
hGwbignw o

S—(L) bjM(x Jdx:

Puyg wyn nbwpnid  S,—s,—>(L) ?[M(x)um(x)jdx:

U Yandhg, hwpnGh © (Gwp. whwihahg), np npwbtugh f(x)
uwhiwbwiguuly $nbyghw |hoh (R} hGwbgpbih (hGnbgbnbip fhdwh
howuinnd}, wehpwdbawn t b pwdwnwp, rp S,—s,~>0:

Fwdwnntiny Jupghh Gpym wwpiwGGbpp, Qunwbwip, np f(x)
$mlyghwih pun (R)-h hGwbgnbhapjwl hwdwp wihpwdbzn b L
Pwywpwn, np

[
(L) [[M(x)-m(x)]dx=0 (1)
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(1} wuydwlp wtnh YnubtOw Guile wyl nbwpd, bpp M{x)—m(x)
wnwpphpnipiniip hwidwpdtp £ ganh, pwig pwih np wyn wwppbpne-
pintip ng pwgwuwhwt b, www Shaw b Owl hwlwnwnpap (1)-hg

hbwnlnd &, np
M{(x)~m(x) (2)

Wuuhuny f(x) uwhowlwhwy Inbyghuh pGinbigpbihnugniip
hwowpdbp (2} wwjdwihG:

Uinwgduwd wnnynilpp hwdwngptiing 4.1 pbnpbth hbun YuinwGu(p
hbwnlywy phnptidp:
Bbnptry 320 (ULtpbgh phnnpbup): Npwbugh f{x) uwhiwGwihwy
$nbyghwb thGh (R) hlwntigpbih, wobpwdbzan t b pwdwpwp, np w)l
1hGh hawd. wiplnhwn:
Uupugneyg: )30 Bhpwnntlp, np f(x) Pnlyghwh hGunbgpkih £ puwn
Nhowth ((R) hinkgpbith t):
Wn atupenud w)l wohpwdbzinwpwn  uwhiwlwgwl b L hoawd.
M(x)=m(x): Puyg G ynnshg m{x)<f(x)<M(x) L hbwlbuwpwp
hawd., f{x)=m(x), L m(x)-hG hwiwndbp f(x) PnlhghwG Yhoh
swthbih: 6d pwlh np quiwjwlwl swdgibth uwhdwlwhwy niblghw
(L) pGwnbapbth b, www (L) hGwbgpbip b Gwl f{x) dnblighw,
wjuhlpG™ MhiwGh hdwuwnny hbinbgnbrh Gwdwjwlwb $ncbyghus hlnbqg-
phigh t Gk puur Leptigh:

Wuwhund, f{x) L m(x) dInlyghwbph hwidwpdbpnipiniGhg
hwinlnud £, np

(L) [f(x)d=(L) [m(x)d:
Rwjg puwn Nhowbh hﬁr:nhqnwlh Sf(x) .‘b:uﬁughuuh hwiwp mOb0p
SR} [f(x)dk,
nninbp s;-6 f(x) Ppnllyghwsh i—nna wnpnhiwbp  hwidwwyuwinwufwGnng
Et:l::r:‘pmh uwnphl gmbwpG £, npp hwiwnpbing Gujunpn wrbsnuppoG
s~ L) !i[m(x)dx.

Lmunubwlpe, np
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(R) {f(x)ds=(L) [f(x)dx Lws [f(x)dx= [ f(x)du

fabj

Ujuwhuny wnbinh nekh.
Bbnpkd 3.3: Nhowbh hdwuwnnd Guoiwjwiwbd hGntGgphih poillghw
pOwbgptih t Gwbh pun Lbpboh L win Gplne pGnbGopunbinn hpwp
hwdwuwp Lo:

Udthnihtigny, GpbGp, np w(x ) Whpfubth $nllghwh hGnbigpbih &
puwn Ltiptigh (pwlh np hwdwndtp t qpnihG), pwjg hGunbgpbih st pun
(HhdwGh, wuby t pb, 4.3 ponpbdp bubwnwpdbih st:

§ 4. LURLULUUL dNHLLBhUSH dEPULULSLAUD

%hgrp [@,b] hwuindwéh Ypw npdws b f{x) wGplnhwn Snuby-
ghwt, npp [2,b])-h jupwpwbynip Ysianud nulh £'(x) npnzwlp wéwlig-
jwy (a,b dugpwibinnud Gliwnp b welidnid Shwlnmiwbh wéwbgywiGhn)
i juGnhp t npynud f7(x) wowbgyuih shengnd Ubpuywiqlt) f(x) Gwh-
Owlpul pniGlyghwl

bk f(x)-p hGunbgnEh £ pun Bhowh, wwyw

Fex)=fay [ (1),

#
puyg hGwpwdnp 56 wyliyhoh nGwpbn, np nlyghwbbph wawbgug-
Gbpp (GnyGhul vwhdwbunhwt) punn NhilwGh hbwbgplgh $66: Npwbugh
poptbp Odwl ophlwl, dwinghbGp wdblmptip Ghup  pwqdnpwi
quinuihwpp: LnwhupG Wubdwabie wyG £ pugldnipinlin, npp odnyud
t wybwhuh hwnYnepywip, np nipupwisnop plinbpdwp wwpmGwlned k
wyl Ytankipp, npnbp st0 wwinlwlnud £ pugidnupjul hwlowbp® E-hG:
OppGury: Shgnp F-p npulwb swih nmlbgnn uwhdwwgut, |y
wiklniplip Gnup pwqinpymb t, a=infF, b=supF:
[a,b] hunnwish Ypw wwhdwGe0p f{x) Inillghw, npp F-h dpw
pGnnuinud £ gpn wndbp b hwdwuwnp b
(x—a, )’(x-b ) sin L
(b—a,)(x-a, )(x~b,)
{an.by) hGunbpdw Gbph ypw, npnlp hwGnhuwbnd GG F-h (pugnighg
pintpdunGepn [a,5]-h GYuenduwidp: 362w; £ unbubbl, np wikbnuptp F-h
' 1M1




dnw 3 f(x)=0: hpnp, tpt x,&F L x,efa,b] L pilwo t xo-hg we,
www, bph xp€F Yunwbwlp f{x)=f(xo)=0, hult tpt xefa,.b ],
W xp<a, <x : IGnbwpuwn

X—Xy2X—a,

LOPT Cadeia, )ba P53, (50

Uuwinbnhg hbwnbntd &, np £/ x, )=0: LRYG dbnd Lwuuwgnigdh, nn
J(xy)=0:bpk xefa,.b,], wyw

(% )=2( x~a, )(x~b, )( 2x~a,~b, )sin

1
(bn—aﬂ)(x—an)(x——b“

2x—a b, 1
- cos :

b,—a, (b,~a, )( x~a, )(x-b,,

Wuwhun, witimpbp [a.p] bwwndwéh dpw 3 Ybpowynp
(GryGhuly uwhtwluhwy) f'(x) L hbwlwpwp f{x) wipGnhwn t
[a,b] hundwéh dpw: f'(x )-h nbuphg htnbined ¢, ap tipp x-p 80wy
(dn.bn)-h oo dnubGmd t a,-h0 Gwd b,-hG, www f'(x) smlh
uwhdwl L wwwwlynd t -1-h L +1-h dhple Wunkinhg wpntG hbzan §
inbuGt), np F-h pnpnp Yawnbpned £Cx ) -p fugqunn b L pwGh np mF>0,
wujw f{x)-p hGuntigpbih sk pun NhdwGh:

Upwhund, bwpon  blp winh, np MhdwGh  hGnbgpup ng
wdpnnenyhl £ Ybpuwywlighing pntlghugh Gwhuliwywbp hp wowbgyuih
dhongnd: wwpqunid t, np Lbpbgh hlimbigpuwipn wju hdwuinnd wibh
mdtin upheng t npuwé ulinph (nusdwl hwdwp:

Papkd: Thane f{x) Pnblghws [@,5] hwndwéh mpuwpwbgnn
Glwnwd mbh 7 x ) wéwbgiw): et f'(x)-p vwhiwbushuwl £, wogu
nilh hlnGgpbih b pue Lepbgh L

Flx)=fap]f eyt

112

Uwpwrgniyg: Lwlhu 0260p, np f{x) $niblghwl whplnhwwn b, pwbh np
[a,6] hwindwéh japwpwbsnip Yhnnmd 3 gepepwdnp f'(x): f{x)
$nuliighwi plnwylbbp [a,b+1] hwawdndd, b<x<b+1 hunndwénud

phnnubipnyg
JOx)=f(bH(x-b)f'(b):
S{x)-p YhGh wiplnhwnn b Ynlb6w  dbpowdnp wowbguuy [a,b+1]
hunnywéh Ynuw:
Jdbipgltlp [ @, 5] hundwéh Ypw

ga,,(x)=n|i (x+—] f(x)} (n=1,2,3,...):
[a.b] hwndwsh npwpwilisinep x Yawond Yuhoh lime (x)=f"(x)

L pwlGh np jnpupwlyniy @, (x) Pnilhghw swthblh wGpGrhsn
pGhghws b, www sunptith YhGh Gwl f(x)-p k hbnlwpwp {ppwtiu
swithhith dengwunp $nuGyghuw) YhGh hGntigpkih puin Lepkigh:
Ogqugbiny Lwgnwbch pulivdluhg Yupnn GOp gnby
¢J,,(x)=n|if[x+=} [ r)} ( ), (0<0<1),

wjlwbu, ap pninp @,(x} palhghwilnp wvwhdwGwihwy GG GhuGnyl
pUny L puwn Ltptigh 4.7 phnpbidh LuwnwliwGp

j_’[. 1 x Jedx= :ﬁ;’ﬂ llj'v;,ﬂ'"( x Jedx (1)
pwjg L it
b b 1 b
_[99,,( X )dx=n J f [x+—} dx—n I_/'( x )edx=

1/

=n [ f(x)dx—n If(x)dr

a+lin

Npnbinhg ) Yunwlwlp

hlin a+1/n

loJ(x)dx=n | f(x)dx—n [ f(x)dx:

Jdbpph0 Gpym hGunbgpwilbph dae Yhpwebindg dhohG wpdtiph ptinptdp,
LuunwCuwlGp
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L

h r
jgo”( x)dx=f (b+~9—")—~ f [a-&-ﬁ}, (0<@ <1, 0<8:<1),
: n R
npntinhg, f{x) $nilhghwh wopGrhwwnnipjwi 36nphht, Gunwiwtp
b
lim [o,(x)dx=f(b)-f(a),

| | )
npp nbnwnptyng (1)-h dbe Yunwlwlp  f(b)-f(a)=|f'(x)dx:

[
bpt b-0 thnfuwphGhlp [a.b] hwundwéhl wwwnlwlnn Yuwdw)jwlwa x
Ytinnd, YuimulwGp pbnpbdh wwwgnign:
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VI YNkt
LULAUSNRUUCBLE BARLLYIPULGE

§ 1. N2 AUSUUUYLUL 2UBGLP DbRAFLUSPULETP PLSEAMULE

Utp Guwuwlp Leptgh hOnbonunb plinhwimsgmsdl t wiuwbdu-
Guhwl $nllghwitph hwdwnq, pln npnild, Gwhe wyl Yuowpwsklp ns
pugwuwlwt, hul hbnwqunud Gwb fuwdwpoywt $nualghwibph dnw:

L&Y 1.1: Thgnp f{x)-p ng pugwuwlwh swihth $nullghw t npnzdwé
E swihbih pwadnipyul gpw, huly N-p npld pGulwG ph: beb [f(x)],, -
p npnzdwéd b htwnlyusg wbupnd,
[f(x)bpt f(x)<N
=) ]N_{ N, et f(x)>N

wiywt wirp pniGlghwd Gnlugtu suhbh k:
Uuwpargneyg: 362 b wbuGbg, nn

E( f>a), btph a<N
E([f]N>a)={ 0, bpt a=N
npunbnhg t| Uhbiwnbp (hddh wwywgnggn:
Lbodh wuytwGibph nhwpmd wylhwn £, np [j'(.x‘)]N 0 uwhiu-
Gusthwly b L hEinlwpwp hGinbigptih t puin Lapbgh: Bwlh np
L)Ll el (o)<,

www ([ fi]dx<[[ f,]dx< (] £, Jdxs...
E E E
L gnynippnl mGp (yEpgwdnn Y widking)
fim [[ £(x)] )

uwhdwtp:
VwhdwGmd: (*) uwhdwfp Ynsdnd t f{x) InGlghwih Lbipkigh
hiwnbgpwt £ puqonpput Ypw b Owbwynd §

[f(x)ax s (L) [f(x)dx:
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Lpt wyn hGnbgpwep depewdnp £, www f(x) PniGlighwl Unstnud E
{1.) hluntigpbth Yud hwipwagnuhwpbth £ pugdnuppuG gpw;

&
)0 nbwpened, bpp E=[a,b], wb 4iowbwhbap _{f(x)dx:

Fhzwn t wnbuliby, np nwhdwOwwl $nuGyghwih hwiwp hlnbgpuwih
wju  Gnp uwhiwlndp  hwdpGyGned £ GwhuhhGh hGn, pwGh np
pulwhwlwwih 866 N-tph hwdwp

[f(x)]y=f(x),
nntinhg £ Gplmd £, np Yuwdwwywk swahbiph, ng puguuwlwi
uwhdwbwihwy dncllghw hwbpwgnidwptih t ((L) plabigpkih £):
@tinpbd 1.1: bph f(x) Pmillghwl hwlpwgnuiwpbih b E puginpjuG
Upw, wiyw w)jl h.wid. dEpeuninp t wyn puqinipyub gpu:
Uupugnyg: Qbpglblp A=E( f=+x):

A pwgdnipjwl dpw [(x )], $nbhghwl hwdwuwp £ N, wylybu
nn

[ f 12 {[ f]ydx=N-mA
E A
L bpb wwpquh, np mA>0, www I[f]Ndx hiwnbgpwipn N-h htin
£

dhwdwiwGwl Ydgunp +eo, npp yhwibpuup f{x) dmblighwgh hwGpwgne-
dwinbhnipjwip, htvbwpwp mA=0;
Blinpbi 1.2: bpt mE=0, wuyw Ywiwwlwi ng pugwuwlwi f{x)
bnubhghw hwlpwgnwiwptih b £ puginipywi yow L

;.J f(x)dx=0:

Bhinpbdh wuugnygp wiGhugwn b
Bhnpkd 1.3: 6pb E pugqiniput Upw f(x) ~2(x), wwyw

Jf(x)dr={g(x)dx:
£ E

hpnp,  uglh  LYewbpowd,  npnbn f{x)=g(x), www
{13y =lg(x)]y, wbwbu np [ f(x)],~[g(x)]y. npntinhg b
[ihtanhr plinplidh wwwugniygp:
wibnpbd 1.4 bph f(x) ng pwgwuwlpwG PmeGhghwl swihbith t £
pregimpiusGopu, Fo-0 £-h sunhpp GipupugquinupntGl b, wugw
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[ f(xax<|f(x)dx:
Eo E

bpnp, wmn wihwywuwpngmbp Yhth whGhugpn, Gets f{x)-p
thnfuwphGbbe  [f(x)], -nd, nphg hbinn wGglbing uwhdwGh, bpp
Ny, fuunwbwip pbnptidh wwwgnygy: UwubGwynp nbiwpned, £
pwadnipywl Ypw f(x) hwlpwgnudwpbihngniGhg Yhinlh f{x)-h
hwlpwgmbwpbipmpinGp E-h papnp snhbph GGpwpwgontpymbitph

Ypw.
Btnpsd 15 qhgnip f{x) L F(x) ng pwguuwywl Irllghwibpp

swihtith 56 F pwqdnipywd ynw: bpb 0<f(x)<F(x )}, wuw
[f(x)dx< [F(x)dx:
¥ E

bpnp,  hOwbGapbind [/ f(x)]y < F(x)],,  wihwduuwnnpjw
bpynt dwubpp L woglbing wwhdwGpl, Gpp N—oo, Lunwbwlp

phnpbidh wwwgnigp:
UwulGunjnp nbwpnwd, bph F(x)-p hwGpwgnudwpbh b, www

hwGpwgnudwpb p YrhGh Gwb f{x)-p:
PEnpkd 1.6: bpb
If( x Jdx=0,
}

wyw f{x) ~0:
Uupwignipg: Rwilih np

0g j [ f(x )] dxs j S x)dx,

www [f{x)]1~0: Puwyg wypntinhg Lhbunbh, np wdtGnipbip, npnbn
[A(x}}1=0, www f(x)=0, npunbinhg t| ptnpkdh wwwgnugp Ynwnluw
wilylhwen:
@inpkit 1,7: Qhgnip £ puqinipjwl dpw inpdwé GG F{x) Lf(x) ng
pwgwuww swihih $nalghwiting: bpb f(x)= fi(x)+ fo(x), wugw

[ £Ox)dx={ fix)dx+ [ fo % Jelx:

£ E £
Uwpwgnizg: 2ubh np hudwywlwb N-h hwdwp

[ A+ ol X )]s (x),

Wi
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LA e J[ o X)) ydes f f(x)dx,

npuibinhg i, wGglitiny uwshdwlhy, tpp N—c0, Yuinwibwip
[ACx )dx+ [ fof xpdx< [ F( x )dx: (1)
E £ E

Npwbugh wwwgnigblp hwhwnwnpd wlihwdwwwpneplbp, gnyg
wwlp, np N-h hwdwn
[ SO )]SI+ (X )]y (2)
Ugnip x,€E: Bpb fi{ X JEN . fHf %, )SN , wyw

[f(xo )]st(xc )=f1(xﬂ)+f2(xn )=[ﬂ(xo )]N""[fz(xo)]w:
Gphi fi{xo) L f2(xo) pUbiphg nplit d6Lp 6t £ N-hg, www
[f(xo)]szS[ﬁ(xc)]N"'[fz(xo)]w-
pwlh np we Gwuh gnudwpbhGephg nplt dbyp hwdwown £ N-h, hul
tjnwup’ ns pwgwuwlwi t, nunbinhg b keubned £ (2)-h wwywgnygp:
hOunbgptym (2} wihwdwuwpmpmiGp, funwGwip
J.[f]Ndef[ﬁ]NdH![ﬁ]Nd*i
E £

Upunbnhg by
[{ 1 1< [ fdxe | frd

L whoghbpny uwhdwah, Gpp N—o+eo, YniGEGwlp
fraxs | fx+ | frdx: (3)
E E E

(1) L {2} wihwywuwprpnGGtphg uinwbwbp pbinpbdh wagugnijgp:

UwuGunlnp  nhwpnud,  bph fi(x) L fa(x)  PmGyghwltphg

jnupwpwsnuep hwGpwanuiwnbh t, www hwopwgnuiwnptgh Yhdh Gub

apuwlg grdwpp:

BEnpkd 1.8: bph f{x)-p ng pwgwuwlwl suthbih niblyghw b wpdus £

pwqdnipjwl ypw, hul k20 Jbpgwnp phu b, www

[ Cx)ax=k [ £(x)dx

Uupgnyg: beb k=0 pbnptivp wiGhugn b bwdw)jwlws plulwt &-h

hwidwp wyl pluncd t Gwiunpn gbnnbdhg {(72=2-h hwdwp wwwgnglws t,

Jwiwjwywt  k-h  hwiwp  wwwgnyge  Yhwwwmlh - hinalyghugh
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Sbipnnnu): Gph k=1/m, npubin m-p plGwyws phy b, www 1.7 plinpbithg
Yhbinlh, np

[f(x)dw=m | i f(x)dx

Iif(x)dx=1 {f(x)ax:
gm mg

Upuinbnhg  Uhbikh  pbnpbidh  wwwonygp  A-h  Yudwjwilug
awghnluwy wpdbipGbph  hwiwp: Wdd Gopwnphlp 4-G hnwghnlwy
nwliwh phy b dbpglliGe # L R npwiwh rughnGuwy pdbp wilwbu, np
r<k<R:Cun 1.5 pbinpkdh

r{f(x)dxs j!gf (x)dx<R [ f(x )dx

L d0md b wlglby uwhdwih, Lpp # L R dguninud b6 £-h:

UwuGwynp  nbwpnid, f{x) PnGughwsh  hwlpwgmdwpthnip-
jnilihg hiinbnwd b &f{x)-h hwlinuignidwpk; hnegnuGp:
L&Y 1.2 Thgnip xy htwannd mikbp

ih:‘: [0, ) Fxy )
Uy nbwpenud Budwjwlwi N atnuljw pudh hubwp
ﬁ”,’f/ Sl xg 3y T F O My
Uupwgnyg: Gpb F(x0)>N, wuw pudulwbuwgwh d6d #-h hwdwp
S{xo)>N, npinbinhg b wyn n-h hwdwn { /,(x, ) =N=f F(x, )],
Gpl Fxo) <N, www punfulwlusug 0k #-h hwdwn f{xe) <N L

htunlwspup
[ T X =L )= F( X )={ F(x3 )]
UGnid b nhuwplty ugl ntiwpp, bpep Fxe)=N: Wn nbwpnis
Y £>0 3 nq, np bipp >0, YmGliGwip £, (X, )>N—¢, Ywd (Gnp #>n, )

N—e<{ f,(x JJy<N,
npintinhg &
‘[F(xo)]zv-[f;(xu)];\fkg (n>n):
Wuwhuny | Eddp wwwgnigybg prpnp nbiwptph hwdwp:
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wtbnptd 1.9: (bunnnp phinpbitp): bpb £ pwadmppuil dpws £1(x}, f2(x),
v, sunhbih, ns pwgwuwlws $nulibghwlbph
hupbpwluwGnugnlp h. wid. gruguedhuonud £ F(x) prellhghwihG, wyw

j F(x )desup{ j fi(x)dx }}: - ()

Uwwgneyyg:  Cuin 1.2 (Bodh  F pwglmppued  Jpw  h. wi
[ 1. (x)]=[F(x)],, (&np n—o0): Pwlh ap jnipwpuibgnup (f(x)1x
PpoGyghuws vwhiwbwihwl £ A puny, www puwn Lapbgh 4.7 ptinpbuh
[LF Jyds=lim [[ f ] yds:

£

E

Pwjg Gwdwjwlwi z-h hwdwp J'[f,,]h.dxﬁfﬁdxs.mp{fﬁdx}.
E F E

L whglbyng uwhiowdh, Gpp A—>00, YnLGGOWGP
j[FJNdesup{Imx)dx}:
E E
Wdd wlgltgny wwhdwbh, bpp N—>+0  LJunwbwlp phnpGdp
wwwgnygp:  UwuGwdnp  nbwen,  bGpp papnp £ (X)) -tipp
hwinwgnedwpbih GO L
[f,(x)dxs A<t
E

wiyw hwGpwgnuiwnbph YhGh Gwb F(x)-p:
Tnlaube. et pbnpbih wuwdwEbibph bt dhwdwiwbwy gnnep)nil

m.bh
lim [ f,(x)dx (4)
vwhdwlp, wingw ’
[F(x)dxslim [ f,(x)dx (5)
E St

twuwgniyyg: bpt {4} vwhdwlp hwldwuwp bt 4o, www phapbip
wiljlhugn b Shpwnpklp, np

lim J'ﬁ,(x)dx:kﬂo :

H—mE
Vg ptagpnud Vo0 3 s, npbpp #2a,
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J.f,,(x)dxd+£:

E
@bnpbdp Yhnwebiny £, (x), f, 4(x).... Inibughwbliph husgnprw-
Yulnipjwl pw, Yunwlwbp, np
[F(x)dxsi+e,
£

npuibnhg & & - Yuidwywuo |hikin 2Gnphhbd Gunwbwip (5)-p:
Bhnpbd 1.10: (2.Luhh ptinpkdp): Yhgnip E pwgdnipiwlb pw npdsd
Gl n3 pugwuwlwb $nellghwibiph

S )SfH(x)S i x )=
hwenpnwlwlrpinlp: Gpb

F(x)=lim f, (x)
Wy
[F(x)de=tim [ f,(x )dx:
E g
Uupwgniyg: Unwohl htpphG, fim I_ﬂ(x)dx uwhdwbp gnpnpnll mih
n—mE
L puwn Gwiunpn hbwnlwlph
[F(x)dxslim ( f,(x jdx
E n—-HOh.
Ujniu Ynndhg, Gusswiubwl 2-h hwdwp £ (o P x), npnbnhg I
[ Sl 2)edxs [ F( % Jelx
& 8
L whOglhpny vwhdwbh, Gpp #—00, Juwnwbwip
lim _[ fdxs IF( x jdx:
N-—)‘?JE £

npwtinhg b YhGinlh pinptidh wujwgnign:
BEnpkd 1.41; Yhgnip £ pwqinugjuib Jpw npdwd b ng puguwuwbuet

swihbth $rnllghwibph #(x), ua(x), #s(x),... hwonprwlwinepnGp:
tpb

guk(x J=F(x),

WL
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j F(x )dx_z [ x)dx:

k=1 g
Uwwgnighipnt hwtwn pwwlw b depgll £ (x )= u,(x) L Yhpwnby
f=1

GQuwfunpn pbnpbidp:
Fhwbwfp: bpb ptnphih wwydwhbbph hbin dhwdwdwbwl wbinh ndGh

D u(x )dx<too,
=1
www h. wd. £ pwqinippul gpw Yrubblwbp
{im u,(x)=0:

bpwlwGnud, phunwpldan pbwemnd F{x) Pnlyghwt hwlpwgni-
Gwnbth t L hbnbwpwn, hawd. Jopewdnp B buly nw GawuGuimyd €, nn

Zu {x} awppp hwd. qmquibwn £, huy wpph qnigwdmnnipwi
Ybwbpnid Gpw plGrihwOnep wonuwdp dqunnid t qpnyh’ ftm u (x)=0:

Bbnapkis 112 (pOunbgpwif (phd wnhwhdnipimip): Sthgnp £ swihblp
pwqdnipntbp hwinhuwbnui t dengwynpe Yud hwygbih puginugwdp
hpwp htitn shusndnn £ sunbbih pugidmpgmlGGinh gnudwp

E=YE,, (E E.=0, kzk'):
k

E puqinpjwl Jpw npnadwé  Gudwpwlul ng pugwuwlwt f{x)
pnublyghwsh hwdwnp nbrh nubh

jf(x)m; [f(x)dx:
£ E
Uupugnyyg: hnwnlblp wi(x) (k=1,2,3,...} PnGlghwGbpp, Gawbw-

Lt g
f(x), tpkxekE
u,(x )= *
0, tpExeE\E,
gt owhubly, np f(x)=>u,(x), L htunbwpwp (1.7, 1.11
%

phinplaGbiphg}
J£(x)du= fu () (®)
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Uydd hwpybGp _[uk(x)dx hGubgpwp: Uyn Owwrnwling Gp5Gp, nnp
3

([ f(x)]y, bphixeE,
[ux)] ”"{ 0, bphxcE—E,
rpuntinhg Yhbinkh, nn
§lus Jyd=[[ f Judx
E £

Ukidwgbbpny &N-p L wjl dqunbkiglb nd widtpenipjwl, Bunwbwp
Ju (x )= | f(x)dx,
E £,

npp whnwnpbng (6)-h dbe Gunwbwip phinphidh wwgnygn:

§ 2. YUUUSUYUL LGULP 3ULMUSNUUNGLR DNFLUShuLEP

Ujdd nwpwdkGp Lbpbgh hGinbgpwih vwhdwbnuip  udtgutub
G2wlh whuwhiwtunpwl pnilyghwbnh Jpw, npp, hGawtiv webubllip,
wwpgunid £, np hiwpwynp £ ng pnpnp swuhtth ncbyghwibibpsh huadup:

Thgnip f{x)}-p swihbth pnelyghw b, npnadwdr 77 sunhlipft pusgin
pjwl ypw: Uingliklhp £ (x) L f.(x) Imbhghwililip, Gpulisldani)

(x)upb f{x)=0
fi(x)= 4 './ :
0, bpti f(x)<0
bpl f(x)20
f i) {
Sf(x), bph /(x)<0

U Pnibyghwlbpp swihbph BG Lk ng pugwuwlwb, wjlubu np

gqnnLeynil nLib0 _[f+(x)dx. _[f_(x)dx plwntignuGbpp:
£ E

bz b wbubGby, np f{x)=f.(x)-f(x), nph hwdwp b pOwlpb k
plnnlibg
I S (% )dx~ If (x )dx (*)

nwnpbpnigynip  npwbu f(x) :bm.ﬁhghl.um hownbigpw): Pwyg Ghunh
niitGwiny +oo—{+4c0) "wnwppbipmpywC” winpapnipnibp, wuw (*)-p
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hdwun abh wyl U Ghuyl wylh nbwprd, Gpp f(x) L f(x)
$nublighwiGbphg qnlik Gblp hwipwgnidwpbh b
Ywhdwlmd: et [ (x) Gwd [ (x) InGhghwlbphg qnlb vblp

hwGpwgniwphih £ pwadinipwt dpw, www (Yepswdnp  Yud
whitfting)
_ff (x)dx"ff {(x)dx

unwpptipmpynidp I.qnzd_nui t f{x) :bmﬁughujjh Lbptgh hGwnGgpu| £
pwqinipjwl pw b Opwbwlgnud

[ (x)ux (1)

bpt f{x) swibth mbyghwl vwhdwlunfuy t, www f,(x} L

f.(x) pnblghwGbpG b YhOkl uwhiwbwhwl, nph hwdwp b f{x)
dblyghuyh  plwnbgpuph  Gop uwhdwbndp  Ghwopblap  GuwjubihG
vwhiwGdwh hbw: Gpan GnyG dhnyg b, bt (pblnig uwhiwGuul)
S(x) pnublghwa ny pwgwuwlwd t, www [ (x)=f(x), f(x)=0 U
Gnphg hwulnud GGp hGunbgpwih dwifuyhl uwhdwbdwbp:

Npubugh (1) howbgnwip grnipjnth mGhGw L thah Jepgwynp,
wyGhwyin £, rp wihpwdtzn b b pwdupwn, np f(x) L f(x)tpym
dnGyghwbknl £ | hOGD haubGpwonudwpbih:

Uwhowmd: f(x) Pprlblighwt Yngymd t {L) plGwnkignbgh bwd
huwbpwgnudwpbth £ puagOnipjwl gpw, bpb Jf(x)dx hawbgpwp
E

qnynipnil nLGh L Ybipgwanp b
Ywiwpuyw swhth vwhiwbwhwl pnufiyghw hwbpwgnidwpbih

k. pwgwuwlwG $nblghwp hwiwp hwipwgnoiwpbhnpywt ((L)
hGwtgnt hapjwa) Gop uwhdwGnip hwiwpdtp b GwbhG uwhiwd-
dwiin:

E pwqginipjwt dpw npnzgwé papnn hwlpwgmdwnbih dnellghw-
(bph nuwup unynpwipup Gaubwbdnd b L(E)-nd s wwpgquigbu Z-ny:
UG thwuwp, np f{x)-p hwipwgnudwntih &, gpdnud £ f(x el
Btnpad 2.4 Npwhugh f{x) swihbih Pnllghwd {pGh hwhpwgnt-
twpbip, wohpwdtizn b L pusfwpwp, npbugh hwipwgnuiwpbh (bbb

()] drullghwh: bpb wyn wwiwlp hpwgnpéubit b, wuw
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Uwwgnyg: UYlhww b, np |f(x)=f (x)+f (x) L hbnbwpwp (1.7
plinphd)

ﬂfldx:_[ﬂdxﬁ[f_dx.

Fiy £ E

npnbinhg k) Yhbnbh pbnniidh wiyuigniygp:
FwnrbewrGp 1: Iwbpwgnuiwnbigh $ncGyghw0 hawd, deppwynp t:

Tenbwlp 2: Gph mE=0, www E pwqinipjul Jypw hwGpwgriwpbih t
Juiwpuw f{x) $mblghwa L If(x)dsz:
£

Fambwip 3. £ puqinipjwl Jpw  hwlpwgnidwptth  $ncGlghwo,
hwlpwgndwnbth YehGh Owl Gpo Gwowpwlwd swhbih bGpwpwg-
onpjwl opu:

Ywobwip 4. Y%Hgnp f(x) L F{x) pmalghwGhpp swihbih 66 £
puqinipyuG dnw b |/ x J$#(x): bpk F{x)-p hwbpwgnidwpbith t,
www hwGpwgnudwabiph b pbh Gub /x)-p:

beb flx)~g(x) ~ pwodnpywl dpw, wwyw wybhugw & np
So(x)=g.(x), f{x)-g {x), npntinhig b hhbnbh hbinbjuy pbnptip.

Binpbd 2.2: Mmgnig f(x)-g{x): J'/(r)c(x L _[g(x)dx hlinbgpw-

UGphg nplt dbyp qnnupnilhg p|unu} b Gniuh qnjmpjmﬁn L OpwGg
hwdwuwpnupmiGp:

Fbnwquynd hwiwpdbp pnuGlghwibpn Ghwdwpslie Goglupwn
hpwn hwyivwp:
Benpbd 2.3. (Phnbtigpwh depowynp wnhinhynignlp): Nhgnp £
pwqinpinlp hwinphuwbnd b depowdnp puad hpwp htn shwndnn
swihbh pwgdnip)nlblph gmodwp

E=S'E, ., (E E,=D. kek'):
k=1

Ept f{x) ImGUghwh hwlpwgnwiwpbih t E; puqinpniGhtphg
Jnipwipwlgneph dpw, wwjw wyb hwGpwanubwptiph b Gl £-h dpw b

jf(x)dx*Z ff(x)x:

=1z,
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Hupugmeyg: 1.12 panptidhg hnlnd |, np
[1.0x )= z j f.(x)ds. [ (xjde=. | f.(x)ds

k=1 E,
npnbg we quhnn L hhmhtuptun {wla dwru Gwutnpp dbpewynn GG UGnid
| wnwohl hwdwuwpnipyniGhg hwibGp bphpnpng, ppwbugh unwilwlp
ptinpGih wwwgnugn:

Ruwiputth pund gndwpbihGtiph hwdwn f{x)-h hwipugnudwpbghno-
pintlhg gupwpwbygnip Ex-h gpw sph pfuncd Gpw hwOmugacdwpbihne-
pnLip gnLdwph Ype:

Opfbury: Yhgnip (0,1]-h Ypw

2n1 1
b 2 1 - L
f(x)= 1n(n+ )2 :  (1r=1,2,3,.):
-n, hpp <X% r

nl " 2n(n+1)

Wn ntwpnd f{x)-p hwipwgnduwnpbih L (u}_-‘]—,l] Yhuuthwdyy
ntl n

hwwdwébliphg Jntpwpwhsniph dpw, npunbn

1 a

[ Fex)dx=0:

1/n+1
Tpw htin  dhwdwdwbwl GpuwGg (0,1] anwiwph Jpw f{x)-p
hmﬁanmdwpblh st, pwlhnp

w i/n

ﬂf(x)i de=y. | |f(x)dd= zgﬁ_ﬂo

a=4 4/ 44 n=t 1

6w lyuy, phnphdn dbpwptipdnud ¢ Lbpbigh  plOintigpuith  ppd
wnhwhdnipjulip:
Btnpkd 2.4: bpb f(x) InuGyghwl hwinwgnuwpbih t E pugdmpjwl
unw, npp ObEpYwjwglimd b hwedbh pund ppwp hbwn shunndnn sunhish
Prliyghwlbnh gnudwph nkupny

E=SE, . (E-E=D, kek'),
k=1
gL

[£(x)a=3, [ £(x)ds: (2)
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Bhnphd 2.5: thgmp E sunpbih pwqdnipynlp GEplwpugyws b hwzigbh

pwqlinipjwdp £ sunhbih  $ncGlghwlbph  wbupnd: Gpk  f{x)-p
hwinwqgnuiwptih & £¢-ph dpw b gk

Z {IF(x | dr<too,

4=1 E,
www f{x}-p hwGpwgnudwpbih t £ puginpjwb ypw b wbnh ndh (2)
hwywuwpnepynilp:
Uupigniyg: 1.12 pbinptidhg L 2.4 pbnpbith wwydwGGbphg unwbwip

Ifdx—Z [ far,  [fde 5 [ fds.

knl E, k=1 E
npintn dwfu b hbmhmpwn {wl wo qubnn ybipgwinp Gh:
THhwwpyynn phnpbidh u.;uudwﬁhg 11 1.12 pbinpkidhg Uncbblwibp
ﬂ fldx=3 |l dx<ton,

k=1 g,
nninbnhg k| Yhbwnbh [f(x)i-h hwipwanubwnbihmenGo L hbnbwpen
Gl f{x)-p hwGpwgniswptyhrpmbp £ pwgdnpjwb dpw L pun 2.4
phinpbidh Gwl {2)-p:
Lwfunpn ophliwlp gnyg t wwihbu, np 2.5 pbnpbdh wwydwGGbpp sh

YuinGh tintuwphlby

> [ S(x)dx

3 T.t._'*
2unph qniqudhinnippulip:
Beapkd 2.6: bpb f(x)-p hwlpwgniiwpbih £t £ pwginipjw dpw, huly
k-0 Jtppwunp hwuwwnneG phy b, www £f{x)-p Gnybuwbu hwopwgni-
Swnbigh t £ puwgdnepjwl Jpw L

[f (x)dx=k [ f(x)dx:

Uwpwgntyg: BEnpLOp wiGhwpn E, Bpp £=0: £>0-h hwdwn 4mGEGwlp
(K. )=, . (K_)=kf_ L pbinpbidh wuwwagnugp Yptuh 1.8 ptinplidhg hG-
nbgpbiny wewGdhG wrwGdhd b hpwphg hwbbny:

Updd, Gwh GOpunpklp £=-1, wn nhwpmd  YnlbGwip
(~f)\=f.., (—f ) =f., npwmbinhg t| Yn.GEGwp
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I S (x )dx= Jf (x)dx— Iﬂ( x )dx=— ff (x)dx:

Ujmuhuml {-1) pwqﬁwulwmhhzn wpnn  GOp nntpu pbipky
pluntigpuh Gywlh malypg:

“hgntp k<0: Ujn nbypmo _fig’dx=—- _[Ik| fdx=—k| _[ Jdx=k I fdx
E £ E E

b phinphdp wwwgngytg:
Rnptd 2.7 Gph fi(x) L fo(x) Pnuliighwitiphg jnepwpwshsnipp
hwOpwgnidwplih t £ pwqdnpput diw, www hwbpwgnuiwpsih YihGh

il f(x)= f1(x)+ fo{x) qotdwpp L
[f(x)dx=] fif x)dx+ [ fof x Jadx: (2)

Uupwgniyg: flx)-h hwinwgnidwpkiphnug)nilip plunty k
|7 x A0 x IS x ) wlhuwuwpnepynulhg L 1.7 pbnpbidhg L dlncd
wugwgnigh| {3) huwwuwpnipymbp: HnwplyhGp
E=E( £20,1,20); E,=E( £,<0, f,<0);
E;=E( 20, £,20, f20);, E,=E(f;z0, f,<0, f<0);

E,=E( f;<0,£,20,/20);  E,=E( £<0.£,20, /<0)
6
pwadnipymGGbpg,  npubn wyGhwpe L, np E=) E,,
it

(E,-E =0, k#k'):

Pwduwbpwb t, gntyg nwdip, np
{Fx)dx= | fifx)dn+ [ fof x)dx (k=1,2,3,....6):
E, E, E

fwlh np pnpp k-biph hwidwp wwwgnygp Yhwiewpdh Gnyl duny,
wiyw Ywpnn bop wib wwwgnighy Shwil £=6-h hwiwn: f{x)= fi(x)+
S>(x) hwwuwnrmpynilp Yuwpnn Op Obplwjwglb) hbwbgwy nbupny’
[ X )=fy( X[~ f ()],
nnuintnhg hbnbnwd k, np £¢ puwqdnupjuwl dpw wy Gwuh gnudwpb) htipp
ng puwgwuwbjwl &0: IEnlaupuwn 1.7 pnptdhg YnuGkGwlp

(=1 )de= | fodot [(~f Jax,
£g Eg £y

npntinhg 4] yhtiinbh plinpbish wuugnigp:
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Bonpld 2.8: Ohgnip fx) Pnbyghwl  hwlpwgnidwpbth t £
pwiqintpiwl dpw: Uy aiwpnud V' £>0 36>0, np V ecE swipbih
hlipwpwadnuppul hwdwp tplk me<d , www

_[f(x)dx|<£:

Upwgnyg: f(x) Inbyghwh hbn Ghwdwdwlwl hwinwqnudwnbich
GthGh Gk [f(x)|-p, hbwnbwpwp ng pugwewywi $nllghwih hiwkg-
pwgh uwhdwonedhg hbinlknd b, np grympincl nGh wyliwhuh No, np

flrcedax={1f (), dx<§:

Uowliwlbtp 5=2‘; L gnyg wwlp, np wl nanGERG t: hpng,

]
SOxH-01f(x)] 20, bpp x€E L htnbwpup V' ecE  swihbth
Lilpwpwquinippub hwdwp
JUCORNS oM Jlxs [UFO=L1S (2D, }

npwntinhg by

U D= 11/ Cx M, c£x<f2-'- ,
L hbtnLwpwp ‘ '

Jif (et 1 Cx M

Puyg pwlih np {|f(x )]y SO wyw

Jf ()] SNyme,
npp htwnbwbipny b um[thﬁfuﬁp

fif(x )idxs§+N0 me:

£
Wuwnbknhg, whlhwin t, np bipk me<6=ﬁ-, wujw
a
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JIf (x Jdx<e

L wnwyb) be

J'f(x)d,ni(f: , g b wwhwGoynud by wigwgnighi:
&

bOwnbgpwih Ybpp wwwgnigfwd hwnbnipolp Ynsdmd b Gpuw
pwgundwy wipbnhwinnipne:

§ 3. UU3UULU3PL ULSNHY bLSLASrULP LEULE SUY

Bhnphd 3.1: (U. Lbpbgh phnntidp): Hhgnep £ pwqdnipjwG ypw inpdws
Efi(x), fo{x), fo(x),... swhbith $ouGlghwGiph hwenpnululnegnilp,
nnl puwn swihh grequdhnnd £ F{x) pnblhghughl: teb anmenit nGh
wiGuwhuh @(x) hwlpwaniiwpbih $nGughw, np pagnp 2z Loe-h hwdwp

|/, (xs®(x) "
R

Iim [ f.(x Jdx=[F(x )dx:
n—bcng E

Uupwigniyg: UnwghG htipphG Ghwwnblp, np (*) wuwjdwlp wwwhnynud ¢
jntppwGgnep f:(x) $ncllghwih hwhpwenudwnthnegymp: Ujda gnuyg

tnwlip, np
IF(x)<®(x) (1)

fuwn Nhup plinntidh {f,(x)} hwenprwlwGnipirGhg Ywpnn bhg
wnwhabwglby {f:,k(x)} bGpwhwenpnwlwbnipinth, npp gniguwipnnid
t F(x)-h0 haud. b whglbiny uwhiwihe
£, (x)<D(x)
wlhwwuwpnpjut d6e, Yunwbwhp (1)-p £ puqinpwi jnipwpwb-
goup Yhwnnud, bpt F(x) dniGhghw)h wpdtipGtpp thninfubGp qpn sunph
pwqdnippul Ypw, npobnhg b, dwubwynpuwbe, YuinwGwGp F{x)

ImiGlghwih hwlipwgnidwpt hnupynclp:
Ujdd pOunpkGe ¥V o>0 L Gzwbwlyblp

4,(0)=E(f,~Flzo), B,(0 )=E(|f,~F|<o):
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U nwpnd E=A4 (o 4B (o), A (o )B,(0)=@ utpp n-—>o
mA (o )0
Oqunytiind ybpnGjwihg, Gupnn Gl gnby
s s lf—Flas | Ifi-Fdse | VPl
E E " E Afa) B,fc)
B (o )-h ypw [f,—F|<o, nninbinhg b YntlkGwlip
[ 1f,—-Fldx<somB, (o )<omE:

B.fa}
Ujntu Ynnohg |f,=F1<2@( x ), wjGugku np

[ If,~Flax<2 | @(x)dx:

Afo) A 0F)
bpb utnwgywé prjnp qlhwhwinwywGibpp hwdwnnkip, Yurwiwbp
’j Soddx wm{sz [ @(xjdxtomE (2)
I I A e}

JdbipgltiGp £>0 L ubbinblGp >0 w)Gpwl inpp, np
£
ki< 3
9 €

Cuwn @f x) Inclibgmgh | pligh plntigpmugp progunéuly wlipiinha
innipymiwl Yunng blp dtpglby wiplighuh O=0 phl, ip Ve £ guafib
th EGpwpwquinuppw hwdwp, aph sunhp’ me<sd it

; D x )dx«rzz :

bpb #>no, wiyw (wpnkl vkbndwé o -h hwdwp) mA, (G )<8 L
YnLbtGwbp

2 _[ Df x )dx<f-:

Al o) 2

Jwdwnpbny (2), (3) L {4) welsmp)niGGbpp, YunbuGhGy, np tipp 7>#,,

[£.(x)dx=[F(x )dx{@

(4)
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i G wwgignegend b pbinpbidp: Uwwignigfwd phinpbdp bubnhuwbnud §
I lphgh 2.7 pbinpbidh plnhwGpwgnidp:

hitnbwGp: PGapbdh wwjdwitph hbun Shwdwiwbwly, ek ¢fx}-p
Burduwgwlwt surpbih vwhdwGwgruly dnibbghw t, wujw

lim [l x) (%)= [l x)F (x)ax:

Uupugnyg: tph |go(x)|<k wujw Iq;(x)f (x)<k|@(x) L (*) ww)

dwOp wwwhndywds t: FGnud £ gnyg thwy, np
Px)f(x)=p(x)F(x):
Fung nuw pfusld t Gpuwlbhg, np
c
Eof.-orpo)cE(lf-reg ),
wjbwhu np nhurwpldnn weisnipynlip wujmgmgqu.lé k:

Uwuwgntgdud pbnphdp plnhwipuglbine hunip dunglhlp htiwlyw|
bwplnp qunwihwpp: Yhgnp £ swhbilh pwqonpjwl ypwr wpdud t
M={f(x}} swihtth $nclhghwibph pphy plnwbhep: bpb ulbinkGp wyn
nGunwlhph npbt fo(x) wnwdp, wyw V £>0 3 >0, ap me<d
wnOgmpymbhg, npunbn e F , ypfuh

_f Jofx )d.\#g:
é

Pwig wyn & -0 hwhuwé Yhah fo(x) Pniilghuh plunpnipynddihg L
plnhwlnin nhwpnid wapnne M plunwbhph hwdwp 46y & gnynupymG
sniOh, rpg hhip £ nwghu uwhdwibpne RGntgw) qunwiwpg:
Uwhdwlnd: ohgop M={f(x)}-p hwGnhuwbms t £ sgwhbip pwg-
drpjwl Ypw inpywé hwipwgnudwnth douliyghwbtnh phwnwbhp: Geb
YV &>0 -h hwiwp gmnipnib nGh wglwhup §>0 pmy, np ecE,
me<d wnbsnippnLbObphg plup

[f(x )d.\{q;

M pGuwGhph GwiwywlwG f{x) $nilghwsh hwdwn, wwyw Yuubkbp, np
wyn pinwbheh dnebyghwlcpp nulibh "hwdwuwpwunhtwl pugwpduly
whplnhwin® hlnbgpwiGbp (h.p.w.h.):
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@baplid 3.2: (% Jdpunwhp pbnpkdp): Yhgnip E swhbih pugqinpw

upw wpdus §fi(x), f2{x), f3(x)... hwipwgniwpbih $nlyghwbph
hwenpnwlwbnipyniGp, npi pun  sunhh  qmquihwnngd b F(x)

$elyghwihG: 5ph {f,(x)} hwonpnulwlnppul $nillghwibnp nGkG
h.p.w hGwbgpwiGbp, wiww F{x} niblghwh hwlpugniGwptih b L

lim [ f,(x )dx=[F(x)dx :

R—WE E

Unpugniyg: Lwju gnyg wwip, np F{x) uvwhiwGwihG dnblghwi
hwipwgnuiwptigh b E pwqdnuppul pw: dbpgiklp ¥V £>0 L quntitiGp
wyGuwhup >0 phu, np pp me<S whinh nuiklw

‘If,,(x)d+§ (n=1,23,...):
Thonip eb E-h nplt swihbih blpwpwadnipnil t b me<d: Wn

nbwpnud dbpglhyng e, =ef £,20), e =e( f,<0), ymitGwip me, <&,
me_<d L htnlwptup

! 'f’"d"{! rif e 1.

nmatinhg kf
fifo( x fdx<e: (5)

Wuhtipg, |£,(x} $niGyghwbtpp Gnybiybu nbbs h.pw. hhubopwy-

Ghin: bpb fhup plinpkipg LiwnngkGp {j;&(x)} blpwhwynprwiwont-
pjncl, npp hawd. gmqudhinnd t F(x)-ht b (5) wlhunjwuwnmpniGp
qpklp f"k { x )-bph hwdwp, www pun dDwwnch pbnpbdh UrlObGwbp, np

ij(x Ndx=¢,

tw)bwku np F{x)-p hwﬁpu:qm.ﬁwnhm t e purqinp)wl dpw, V ecE-h
hwdwp, npinbn me<d : Wuwnbinhg Yhbwlh, np wyl hwGpwgnudupbih
bthGh Gwb £-k dpw, pwih np wyl Yupnn Glp wpnhb dbpgwdnp pdny
swiibiih pwqdntgyncliGlinh, npnlg sunhtipg thnpp 66 & -hg:

Wi >0 puh hudwp Ybpglbyny
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A(c)=E(f,-Flro). B,(o)=E(f,~F|<0),
LionwbwGp

{f,dx—] Fdxis [ |f,-Fldx+omE,
E E A (o)
Luidd

Ej ﬁdx—éfﬁ'«!x{s { Iflde+ | |Fldx+omE (7)

A, fel Ao}
hgnip £>0 L o -0 uldint) bGp w)Gpwl inpp, nn o‘mE<—§:
bOswbu wbuwlp wygpnd, V &>0 3 5>0, np bpp me<d
{ ecE), wyuw puwn {5) L {6) wrlsmpynLGGaph

£ &
eﬂf,,|dx<§, ;ﬂF{dx<§.

Pwyg n>neh hudwn YnlbGwlp mA, (o )<5, wibwtu ap (7)-p

YpGnnibh BEnbywy nkupp
[fudx-] Fi\%.*:,
E E

npinbtinpg bty Yhbkibh phnpldh wwwgnijgn:
Fhwnler Gp: POtinphioh wwdwhikph nbwpned YnuGEGwlip

lim [o(x) f,( x )dx= fo(x)F(x)dx.
E E

annbn @ (x)-p Yuiwpulwi swinbh uwhdw Gty mthghw t:
bpang, tpb | x <k, wuw

l Jotx)f, (x)ca{gc If (% Jx

wybwtu, np @ x ) f, ( x) Ineliyghwlbipp nulG h.p.w hGubgpw) Ghip:

Ywpbh t gnyg nw|, np hbnbkwiph hwlhwnwnpédp GnyGube nbnp
nuGh:
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hGnhpGhp b quipdnepynullen ¥ L VI gpnguGbnk dspwpbnug
1. bpb ﬂ,(x)?.f) L jf"(x)dx—>0, www £, (x)=>0, puyg hwd.
£.(x)=0 wwpunwnhnp Tuwpiwﬁ st
J%%deao wnlgmpyniip hwawpdtp b £ (x )=>0:
3. bph :z,,—>0, www gnmpinid mlh ng sunhtith dnlbbghwibph
t,(x) hwenprulwonep)mG wylwhuhG, np ia’" juﬂ(x)dx<+co, puiyg
E

=1

U wyGwbu E-h ng dh Yhonnad 2 (x )0
4, bpb Iq;(x)f(x)dx o gnypynith mGp V¥ f(x) hwlpwgnuiwpbigh
E

$rGhghuygh hwidwnp, wwyw @f x} Imlhyghwd howd. uwhiwbwguy ¢
{Lpbgh futinbpp):

5. Ohgnip E-h dpw wpdwé b f{x) suhtih dbpgwdnp $nlyghwt:
Utingliblp pytiph htiwlywy wnpp

Y 5V V4o Yos Yo Yas Vare ( Yymrto0, 3, =>—00,0<y, -y, <A )

b Gawlwibbp e,=E(y,<f<y,,): f{x) IniGhghuyh hwenpnulu-

GnippjwG hwbwp wihpwdbn | L puwywpun Zykmek 2wnpp

k=-w0
owgundwly gnigudpuinnpindip:
6. bpt 5 [ulnph wwjdwOGbph hbn  dhwdwiwGwl > yme,
pwgupdwl qnuawdbn b, www bpp A0, wuww Snw gautwpp

aounntd £ _[f(x}dx -hG:
E

7. (R) poOnbgptith fr(x) butwuwpuwsunh gniquitinn  hwpnpnw-
Ywhnupywl uwhiwlughG $nelyghwl (R) hGunbgpbih b

8. Uwlwnph Py hwwnwnuy pwqinipjwh pnupwaphs dnullighwt (R)
hGwbapbh b
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9 Lpt f{x}=0, bpp xeFy L hwdwuwn a, bpp xeBy-h (pugnighs
FtuntipdwiGtiph Ypw, npnGg bpwpneggnilp hwdwuwp £ 37", wwyw
%

| £ x )dx=3 (b.Shydwnzh fuGinhn):

{1

10. flpwbugh f(x) swdih ng pwgwuwlws $nlyghwt [a,b)]
hwinwép ypw |hoh bwhpwgnidwpbih, wibpwdbn b L pudwpwn, np

2. mE( fzn )<+ (Oppbiyh fuGnhnp):
11. Thgnp f( x)20 surhbh dmlbighw E, hul
[ Sf(x), f(x)N
el ”_{ 0, f(x)>N
bk f{x)-p hawd. dbnguon b, wuw fim [{f(x )} ydx=[ F(x)dx:
E E

Ax)-h haud. ytpeuninp thGt|p wuenunwnbp L
12. Thgnep f{x) L g{x)-np Gpyne ng puguuwlw suihlith Snulhghw-
Gep 60, npnpdwd £ pwqlmpyul Jpa: Gpb B =E(g2y ), www

[F(x)gx)dx= [ @(y)dy mpwbn @(y)= | f(x)dx (MuDunklh
E 0 E,

huGinhpp):
13. fhgnig [0,1] hunndwéh Jpw wbnuadnpwd G0 £4,E, ;... »

swihbth pwainupynGibp, Gpb [0,1] hwindwsh jnupwpwlignen Ybin
Swppwhtn nbwpend wwinwimd t wyn pugimgnilibphg g hunnhf,
wuww GnwGghg qrlb dtbh swihp 2g /7 (LJ4Ywhnnpndhsh uGnhpp):
14. "hgnip f{x)-p hwGpwanidwpbih t [@,5] hwmjwsh dpw, nhgnp
wilinthbink a=const, 0<a<b—a: 6pb V e pugdmpjwl hwdwp me=a uL
J£(x)dx=0, wyw f(x)~0 (U. 4. SwdnnhGh tuGnhnp):

15. hgnip f{x)-p hwipwgneswpbih b {a,b] hwndwsh dpw b hwgw-

X+h

uwp £ 0, wupw [a,b]-hg nnpu: bpk qo(x)=51h~ jf(r)dz, WL
x=h

f b
fioot x Ndxs [ ¢ x Jelx (U L. unpdingnpnudh tulinhpi) -
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16. hgnip [a,b] hwwnywéh Jpw wpdwe ¢ f{x) hwipwgnubwpbf
Prililghwt: bpb Ve-h hwiwp (a<c<h) cjf(x)dx=0. www f{x)~0:

17. Ohanip f{x)-p hwGpwgnuiwnth t [a,b] bwndwéh Ypw b
S(x)>0: thgnp O<g<b—a L S={e}, ecfa.b], npintin me2q:

8nijg Wy, np 1'nf{ff(x)dx}>0:

18. hamp M={f(xJ)}-p [a,b])-md h.q. Pnlyghwlbph pGunwdhp t:
bpb dnblghwbbph plinwbphp mbh h.p.wh., www
3@(u )>01 prutyghw, npnadws O<u<+oo, npp —>+e0 , inp #—>+o0

b
wybwbu np £ x JeM -hwdwn ﬂf(x)[@(!f(x)l) dx<g<+oo, npunkin A-
0 Ywhawsé sk f{x)-h pinprupynilhg (dwgb-TnwnGh fuGnhpp):

19. bpb f{x)-p hwipwanrdwpbh b [@,b] hwandwsdh Ypw, wuw
V £>03 whplnhwin @f x ) prllghw, npnpdws {a,b] hwandwéh dpw,

b

nn JIf(x )~ x Jdx<e :

20. Gk f{x)-p hwhpwgnuwwptip t fa,b+8 ] - hdpw (6>0), wuw
b

lim J] F(x+h )~ f(x Jdx=0:

21. Ahgnip f{x)-p suwehbyh t e, 5] hwadwsh dpu b f(x)>0:

f[[f(x)]z,,dx—].[f(x)jndxﬁo, n—© b pmE( f>n)—-0

winGgnippnbGlinp hwiwndtp 50 (3nLU.Oswh fuGnhnp):
22. hgnp f{x >0 L g x>0 tpyme sjuitith $oblyghwibip GG
npn2iws [a@,b] hwwnduwdh dnw: bpb gnmup)nth nuah Ylppwgnp

lim Ej[{[f(x)]"—[g('x)],,}abc uwhiwlp b #-mE( f>n)j—>0, wyw
n-m;]'(g>n)——>0 (3nL.U.Qswhh fulinhnp):
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